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We study the gravitational instability of a general relativistic complex scalar field with a quar-
tic self-interaction in an infinite homogeneous static background. This quantum relativistic Jeans
problem provides a simplified framework to study the formation of the large-scale structures of
the Universe in the case where dark matter is made of a scalar field. The scalar field may repre-
sent the wave function of a relativistic self-gravitating Bose-Einstein condensate. Exact analytical
expressions for the dispersion relation and Jeans length λJ are obtained from a hydrodynamical
representation of the Klein-Gordon-Einstein equations [Sua´rez and Chavanis, Phys. Rev. D 92,
023510 (2015)]. We compare our results with those previously obtained with a simplified relativistic
model [Khlopov, Malomed and Y. B. Zeldovich, Mon. Not. R. astr. Soc. 215, 575 (1985)]. When
relativistic effects are fully accounted for, we find that the perturbations are stabilized at very
large scales of the order of the Hubble length λH . Numerical applications are made for ultralight
bosons without self-interaction (fuzzy dark matter), for bosons with a repulsive self-interaction, and
for bosons with an attractive self-interaction (QCD axions and ultralight axions). We show that
the Jeans instability is inhibited in the ultrarelativistic regime (early Universe and radiationlike
era) because the Jeans length is of the order of the Hubble length (λJ ∼ λH), except when the
self-interaction of the bosons is attractive. By contrast, structure formation can take place in the
nonrelativistic regime (matterlike era) for λJ ≤ λ ≤ λH . Since the scalar field has a nonzero Jeans
length due to its quantum nature (Heisenberg uncertainty principle or quantum pressure due to the
self-interaction of the bosons), it appears that the wave properties of the scalar field can stabilize
gravitational collapse at small scales, providing halo cores and suppressing small-scale linear power.
This may solve the CDM crisis such as the cusp problem and the missing satellite problem. We also
compare our results with those obtained in the case where dark matter is made of fermions instead
of bosons.
PACS numbers: 95.35.+d, 98.80.-k, 98.80.Jk, 04.40.-b, 95.30.Sf
I. INTRODUCTION: A BRIEF REVIEW
The formation of the large-scale structures of the Uni-
verse is an important problem of cosmology. In order
to explain the evolution of cosmic structures, one must
understand the mechanism that translates the almost ho-
mogeneous and isotropic early Universe revealed by the
cosmic microwave background (CMB) radiation to the
greatly clustered Universe observed today.
The clumping of matter resulting from the gravita-
tional attraction acting on an initially uniform medium
was first suggested by Newton in 1692 in a famous let-
ter to the Reverend Dr. Bentley [1]. He wrote: “But
if the matter was evenly disposed throughout an infinite
space, it could never convene into one mass; but some of
it would convene into one mass and some into another,
so as to make an infinite number of great masses, scat-
tered at great distances from one to another throughout
all that infinite space. And thus might the sun and fixt
stars be formed, supposing the matter were of a lucid
nature.”
The first serious theory of galaxy formation was pro-
posed by Jeans in 1902 in a paper entitled “The Stability
of a Spherical Nebula” [2]. He supposed the Universe to
be filled with a fluid with mass density ρ, pressure P
and velocity v, and used classical hydrodynamic equa-
tions within the framework of Newtonian gravity. In
the last part of his paper,1 he studied the gravitational
instability of an infinite and spatially uniform gas and
treated the question of the formation of self-gravitating
objects by means of the interplay between the gravita-
tional attraction and the pressure forces acting on a mass
of gas. By linearizing the fluid equations about a static
homogeneous state and decomposing the perturbations
in Fourier modes of the form δρ(r, t) ∼ exp[i(k · r−ωt)],
he obtained the dispersion relation
ω2 = c2sk
2 − 4piGρ, (1)
where c2s = P
′(ρ) is the square of the speed of sound
in the medium. This equation exhibits a characteristic
wavenumber
kJ =
(
4piGρ
c2s
)1/2
(2)
called the Jeans wavenumber. The Jeans length λJ =
2pi/kJ gives an estimate of the minimum size of the ob-
1 As indicated by the title of his paper, Jeans [2] was mainly con-
cerned by the investigation of the gravitational stability of an
inhomogeneous spherical system. What has now become famous
as the “Jeans problem”, namely the gravitational instability of
an infinite uniform distribution of matter, represents only a short
section (Infinite Space filled with Matter) at the end of his paper.
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2jects that can undergo gravitational collapse. Pertur-
bations for which the wavelength λ is larger than the
Jeans length λJ (i.e. λ > λJ or k < kJ) can grow by
gravitational instability to form the structures observed
in the Universe. According to Jeans’ study, the pertur-
bations grow exponentially rapidly with a growth rate
σ(k) =
√−ω(k)2 where ω(k) is given by Eq. (1). The
maximum growth rate
σmax =
√
4piGρ (3)
corresponds to a wavenumber
k∗ = 0 i.e. λ∗ → +∞. (4)
On the other hand, perturbations for which the wave-
length λ is smaller than the Jeans length λJ (i.e. λ < λJ
or k > kJ) oscillate with a pulsation ω(k) like gravity-
modified sound waves. Therefore, structure formation is
suppressed on scales smaller than the Jeans length, and
allowed on larger scales. The Jeans length λJ and the
corresponding Jeans mass
MJ =
4
3
piρ
(
λJ
2
)3
(5)
determine the minimum size and the minimum mass
above which a perturbation is amplified by self-gravity
(they correspond to the condition of marginal stability
ω = 0).
The Jeans study [2, 3] has been extended in several
directions. It can be applied to star formation in clouds
of interstellar gas and to galaxy formation. The effect of
a uniform rotation and a uniform magnetic field on the
Jeans criterion has been treated by Chandrasekhar [4, 5].
The generalization of the Jeans criterion to infinite uni-
form rotating collisionless stellar systems described by
the Vlasov equation has been treated by Lynden-Bell
[6]. The computation of the Jeans length is the stan-
dard starting point for studying gravitational collapse.
Even though today processes of stellar formation and
galaxy formation are known with precision, the Jeans
theory remains a good first approximation and has some
pedagogical virtue. We refer to [7] for a review of the
Jeans instability problem for collisional gaseous systems
described by the Euler-Poisson equations and for colli-
sionless stellar systems described by the Vlasov-Poisson
equations.
The Jeans stability analysis encounters several prob-
lems. Firstly, the background state that is slightly per-
turbed in Jeans’ analysis, namely an infinite homoge-
neous distribution of matter, is not a steady state of
the hydrodynamic equations. Therefore, the problem is
mathematically ill-posed at the start even though the lin-
earized equations for the perturbations make sense. This
is what Binney and Tremaine [8] call the “Jeans swin-
dle”.2 Secondly, the results of Eqs. (3) and (4) suggest
2 See the Introduction of [7] for a more detailed discussion of the
that there is no upper limit to the Jeans instability since
the maximum growth rate is achieved for λ∗ → +∞.
Thirdly, as noted by Weinberg [9], the Jeans analysis is
not rigorously applicable to the formation of galaxies in
an expanding Universe because Jeans assumed a static
medium whereas the rate of expansion of the Universe
with a scale factor a(t) is given by the Hubble parameter
H =
a˙
a
=
(
8piGρ
3
)1/2
(6)
which is of the same order as the maximum growth rate
given by Eq. (3). Therefore, we cannot assume that the
Universe is static, or even quasistatic, when doing the
Jeans analysis. A last limitation of the original Jeans
stability analysis is that it applies to nonrelativistic sys-
tems described by Newtonian gravity while the evolution
of the Universe is fundamentally relativistic even though
the Newtonian approximation is relevant in most situa-
tions of astrophysical interest.
The first satisfactory theory of the instabilities in an
expanding Universe was given by Lifshitz [10] in 1946
using general relativity. He showed that disturbances at
wavelengths above λJ grow, not exponentially, but like
a power of t. Taking into account the expansion of the
Universe is the correct manner to avoid the Jeans swin-
dle. It leads, however, to different results. A nonrel-
ativistic treatment of the instabilities in an expanding
Universe was given by Bonnor [11] in 1957 using a New-
tonian world-model.3 He obtained the equation
d2δk
dt2
+ 2H
dδk
dt
+
(
c2s
a2
k2 − 4piGρb
)
δk = 0, (7)
where δ = δρ/ρ is the density contrast and k denotes here
the comoving wavenumber (sometimes noted kc). For a
static Universe, one recovers the Jeans dispersion rela-
tion of Eq. (1) by setting a = cte and introducing the
physical wavenumber k = kc/a. Equation (7) is the fun-
damental differential equation that governs the growth
or decay of gravitational condensations in an expanding
Universe. The case of collisionless stellar systems de-
scribed by the Vlasov equation in an expanding Universe
has been treated by Gilbert [12] in Newtonian gravity.
Further developments of these works for nonrelativistic
and relativistic fluids, and for collisionless stellar systems,
can be found in the books of Weinberg [9], Peebles [13],
and Padmanabhan [14].
In the previous studies, the Universe is treated as a
classical fluid so that the Planck constant ~ does not ap-
pear in the equations. However, at very high energies,
Jeans swindle and some possible justifications.
3 The Newtonian theory is applicable at the onset of the matter-
dominated era, when the energy density of radiation drops below
the rest mass density. Therefore, the nonrelativistic analysis is
adequate to study the formation of structures in the matter-
dominated era where P  . However, a relativistic treatment
is needed to deal with the radiation era where P ∼ .
3a standard hydrodynamical description of matter is not
valid anymore. Rather, we expect that matter will be
described in terms of quantum fields. In many particle
physics models, scalar fields (SF) are introduced. Their
role is to break high energy symmetries and to give mass
to the particles by the mechanism of spontaneous sym-
metry breaking [15–17]. These SFs are described by the
Klein-Gordon-Einstein (KGE) equations. A SF can be
self-interacting, and this self-interaction is described by
a potential V (ϕ) [18, 19]. It was soon realized that due to
the potential V (ϕ), SFs can play an important role in cos-
mology. In particular, if ϕ is homogeneous in space, and
trapped in a local minimum of the potential, the scale fac-
tor of the Universe expands exponentially rapidly. This
leads to a primordial de Sitter era4 corresponding to what
has been called inflation [21–29]. A detailed treatment of
the evolution of a SF in the early Universe is performed
in [30, 31]. It is shown that a real SF undergoes a stiff
matter era followed by an inflation era which is an at-
tractor of the KGE equations. Finally, it oscillates about
the minimum of the potential and behaves in average as
radiation and, later, as pressureless matter.
After the discovery of the acceleration of the Universe
[32–34], SFs were introduced as dark energy (DE) mod-
els. This led to the concepts of quintessence [35], Chap-
lygin gas model [36], tachyons [37], phantom fields [38],
Galileon model [39], polytropic [40], quadratic [41] and
logotropic [42] models etc.
SFs have also been introduced in the context of dark
matter (DM) to solve the cold dark matter (CDM) small-
scale crisis such as the cusp problem [43, 44], missing
satellite problem [45, 46], and too big to fail problem
[47]. Indeed, the wave properties of the SF can stabi-
lize gravitational collapse, providing halo cores and sup-
pressing small-scale structures (or linear power). Current
works in particle physics and cosmology have suggested
different kinds of SF candidates for a solution to the DM
problem. Although these SFs have not yet been detected
they are important DM candidates. They could undergo
Jeans instability and form boson stars and/or DM halos
as detailed below.
One possible DM candidate in cosmology is the ax-
ion [48–52]. Unlike the Higgs boson, axions are suffi-
ciently long-lived to coalesce into DM halos which con-
stitute the seeds of galaxy formation. Axions are hypo-
thetical pseudo-Nambu-Goldstone bosons of the Peccei-
Quinn [53] phase transition associated with a U(1) sym-
metry that solves the strong charge parity (CP) problem
of quantum chromodynamics (QCD). Axions also appear
in string theory [54] leading to the notion of string ax-
iverse [55]. The QCD axion is a spin-0 particle with a
very small mass m = 10−4 eV/c2 and an extremely weak
4 Previously, the de Sitter solution (which is actually due to
Lemaˆıtre) was introduced in relation to the cosmological con-
stant. A short account of the early development of modern cos-
mology is given in the Introduction of [20].
self-interaction as = −5.8 × 10−53 m (where as is the
scattering length) arising from nonperturbative effects in
QCD. Axions are extremely nonrelativistic and have huge
occupation numbers, so they can be described by a classi-
cal field. Axionic dark matter can form a Bose-Einstein
condensate (BEC) during the radiation-dominated era.
Axions can thus be described by a relativistic quantum
field theory with a real scalar field ϕ whose evolution is
governed by the KGE equations. In the nonrelativistic
limit, they can be described by an effective field theory
with a complex scalar field ψ whose evolution is gov-
erned by the Gross-Pitaevskii-Poisson (GPP) equations.
In that case, the SF describes the wave function of the
BEC. One particularity of the axion is to have an attrac-
tive self-interaction (as < 0).
The evolution of a Universe dominated by a cosmolog-
ical SF that could represent an axion field was studied
by Turner [56]. He considered a real self-interacting SF
described by the KGE equations with a potential of the
form V (ϕ) = aϕn in an isotropic and homogeneous cos-
mology. He showed that the SF experiences damped os-
cillations but that, in average, it is equivalent to a perfect
fluid with an equation of state P = [(n−2)/(n+2)]. For
n = 2, the SF behaves as pressureless matter (P = 0),
and for n = 4 it behaves as radiation (P = /3) when
the self-interaction is repulsive. Turner [56] also men-
tioned the possibility of a stiff equation of state (P = ).
The formation of structures in an axion-dominated Uni-
verse was investigated by Hogan and Rees [57] and Kolb
and Tkachev [58, 59]. They found very dense structures
that they called “axion miniclusters” or “axitons”. These
axitons have a mass Maxiton ∼ 10−12M and a radius
Raxiton ∼ 1R ∼ 109 m. These pseudosoliton configura-
tions form in the very early Universe due to the attractive
self-interaction of the axions. In their work, self-gravity is
neglected. Kolb and Tkachev [58, 59] mentioned the pos-
sibility to form boson stars5 by Jeans instability through
Bose-Einstein relaxation in the gravitationally bound
clumps of axions. In other words, axitons are expected to
collapse and form boson stars when self-gravity becomes
important. Kolb and Tkachev [58, 59] considered ordi-
nary boson stars with a repulsive self-interaction such
as those sudied in [63]. However, since axions have an
attractive self-interaction, one cannot directly apply the
standard results on boson stars [60–64] to these objects.
The case of self-interacting boson stars with an attractive
self-interaction, possibly representing axion stars, was
considered only recently [65–77]. The analytical expres-
sion of the maximum mass of Newtonian self-gravitating
5 Boson stars were introduced by Kaup [60] and Ruffini and Bonaz-
zola [61] by coupling the KG equation to the Einstein equations.
Self-interacting boson stars with a repulsive self-interaction were
considered later by Colpi et al. [62], Tkachev [63] and Chavanis
and Harko [64]. These authors showed that boson stars can exist
only below a maximum mass due to general relativistic effects
(see Appendix D 3).
4BECs with attractive self-interaction was first obtained
in [67, 68] (see Appendix D 4). For QCD axions, this
leads to a maximum mass Mmax = 6.5 × 10−14M and
a radius R∗ = 3.3× 10−4R = 230 km (the average den-
sity is ρmax = 2.54 kg/m
3). These are the maximum mass
and minimum radius of dilute miniaxion stars. Coinci-
dentally, these miniaxion stars have a mass comparable
to the mass of the axitons [58, 59] but their mechanism of
formation is completely different since self-gravity plays
a crucial role. Obviously, QCD axions cannot form gi-
ant BECs with the dimension of DM halos. By contrast,
they may form mini axion stars (of the asteroid size) that
could be the constituents of DM halos under the form of
mini massive compact halo objects (mini MACHOs) [72].
However, in that case, they would essentially behave as
CDM and would not solve the small-scale crisis of CDM.
Much bigger objects of the size of DM halos can be
formed in the case where the bosons have an ultrasmall
mass of the order of m ∼ 10−22 eV/c2 (ultralight bosons)
and a very small self-interaction. Their mass can be
larger if they have a substantial repulsive self-interaction.
At the scale of DM halos, Newtonian gravity can be used
and the KGE equations can be replaced by the GPP
equations. The possibility that DM halos are made of
a SF representing a gigantic boson star described by the
KGE or GPP equations has been proposed by several au-
thors [78–97] (see also [67, 68, 72, 98–152] for more recent
works). A brief history of the SFDM/BECDM scenario
can be found in the Introduction of [67] and in [153–156].
This brief review shows that SFs play a very impor-
tant role in particle physics, astrophysics and cosmology.
When SFs are considered, quantum mechanics arises in
the problem and the Planck constant ~ enters into the
equations.
The gravitational instability of a spatially homoge-
neous SF in a static background in general relativity was
first discussed by Khlopov et al. [157]. They considered
a real or complex SF and demonstrated its instability
to be analogous to the Jeans instability of a classical
self-gravitating gas in the sense that there is a critical
wavelength above which the system becomes unstable.
For a noninteracting SF, Khlopov et al. [157] obtained a
quantum Jeans wavenumber given by6
kJ =
(
16piGρm2
~2
)1/4
. (8)
6 The study of Khlopov et al. [157] is expected to be valid for
a relativistic SF. However, we note that the quantum Jeans
wavenumber of Eq. (8) is independent of c, meaning that it
has seemingly the same expression in the relativistic and nonrel-
ativistic regimes. Actually, we shall argue that the approach of
Khlopov et al. [157] is not valid in the relativistic regime because
it neglects some terms of order Φ/c2 (this limitation is explicitly
mentioned in [157]). We will show that Eq. (8) is only valid
in the nonrelativistic regime while the general expression of the
quantum Jeans wavenumber is given by Eq. (65) below [see also
Eqs. (71) and (77)].
They also considered a self-interacting SF with a quartic
potential V (|ϕ|2) = (λ/4~c)|ϕ|4. They treated the case
of repulsive interactions (λ > 0) but also the case of at-
tractive ones (λ < 0) that arise in the Coleman-Weinberg
model [18] for not too large fields. This corresponds to a
|ϕ|4 potential with the “wrong” sign. In that case, they
showed that the quartic term develops an additional (be-
sides gravitational) instability that they called “hydrody-
namic” because it corresponds to a fluid with a negative
pressure. This is a nongravitational instability of the SF.
Bianchi et al. [158] generalized the work of Khlopov
et al. [157] for a noninteracting SF to a fully quantum
context. They used this system to make self-gravitating
structures from a SF in a coherent state of a superfluid.
They interpreted the density perturbations of a cosmo-
logical quantum real SF as excitations of a BEC at van-
ishing temperature. They showed that the dispersion
relation of the perturbations of the real SF obtained by
Khlopov et al. [157] matches the nonrelativistic Bogoli-
ubov energy spectum [159] of the excitations of bosonic
ground states (valid for a general pair potential of intera-
tion Vk) when the potential of interaction is the gravita-
tional one, Vk = −4piGm2/k2. They mentioned that the
physical mechanism that leads to a finite Jeans length
has the same nature as that which accounts for the equi-
librium of the boson stars [61].
Bianchi et al. [158] also considered the growth of struc-
tures induced by a noninteracting SF in an expanding
Universe. They first remarked that, in the expression of
the Jeans wavenumber (8), the zero-point pressure plays
the same role which, in the traditional Jeans treatment,
is played by the pressure of a thermal gas in equilibrium
against gravitational attraction. Formally, this means
that the quantum Jeans wavenumber (8) can be obtained
from the classical Jeans wavenumber (2) by making the
substitution
c2s =
~2k2
4m2
. (9)
Then, applying the linearized theory of perturbations for
a classical fluid in general relativity developed by Lifshitz
and Khalatnikov [160] and Weinberg [9], and making the
substitution from Eq. (9), they obtained, in the nonrel-
ativistic limit (see Eq. (7)), the following equation7
d2δk
dt2
+ 2H
dδk
dt
+
(
~2k4
4m2a4
− 4piGρb
)
δk = 0 (10)
for the evolution of the density contrast. They contrasted
this equation from the one obtained by Ipser and Sikivie
[161] for a pressureless axion field in which the speed of
sound vanishes (obtained from Eq. (7) with cs = 0).
They also considered the ultra-relativistic limit of their
model and showed that, in this case, the Jeans length is
7 There is a factor 4 missing in their expression.
5larger than the Hubble length (horizon) thereby prevent-
ing the growth of structures.
The study of perturbations and the growth of struc-
tures for a relativistic SF described by the KGE equations
in an expanding background is complicated. It has been
treated in several papers [55, 100, 102, 143, 156, 162–
190] in different contexts where the SF can represent the
inflaton or can model DM or DE. In these studies, the
formation of structures in an expanding Universe is stud-
ied directly from the field equations for ϕ.
Instead of working in terms of field variables, a fluid
approach8 can be adopted (see a brief history of this ap-
proach in the Introduction of [147]). In the nonrelativis-
tic case, this hydrodynamic approach was introduced by
Madelung [191] who showed that the Schro¨dinger equa-
tion is equivalent to the Euler equations for an irrota-
tional fluid with an additional quantum potential arising
from the finite value of ~ accounting for Heisenberg’s un-
certainty principle. This approach has been generalized
to the GPP equations in the context of DM halos by
[67, 68, 87, 99, 103, 108, 113, 118] among others. In the
relativistic case, de Broglie [192–194] in his so-called pilot
wave theory, showed that the KG equations are equiv-
alent to hydrodynamic equations including a covariant
quantum potential. This approach has been generalized
to the Klein-Gordon-Poisson (KGP) and KGE equations
in the context of DM halos by [112, 132, 133, 147] (see
also [64, 195, 196] for BEC stars). In this hydrodynamic
representation, DM halos result from the balance be-
tween the gravitational attraction and the quantum pres-
sure arising from the Heisenberg uncertainty principle or
from the self-interaction of the bosons. At small scales,
quantum effects are important and can prevent the for-
mation of singularities and solve the cusp problem and
the missing satellite problem. At large scales, quantum
effects are generally negligible (except in the early Uni-
verse) and one recovers the hydrodynamic equations of
the ΛCDM model.
It is possible to study the Jeans instability problem di-
rectly from these hydrodynamic equations. This is closer
in spirit to the original Jeans’ approach. In the relativis-
tic regime, valid during the radiation era or earlier, one
should use the fluid equations based on the KGE equa-
tions. In the nonrelativistic regime, appropriate to study
structure formation in the matter era, the KGE equa-
tions reduce to the GPP equations or to the Schro¨dinger-
Poisson equations, and one can use the corresponding
8 The hydrodynamic representation of a SF is exact in the case
of a complex SF and approximate in the case of a real SF. In
this paper, we consider the case of a complex SF. The hydro-
dynamic representation of a real SF may give wrong results in
the relativistic regime because of the neglect of some oscilla-
tory terms (see Sec. II of [77]). This is why the studies of
[55, 100, 102, 143, 156, 162–190] based on the field equations
are necessary in that case. Note, however, that the hydrody-
namic representation of a real SF is valid in the nonrelativistic
regime (see Sec. II of [77] for more details).
fluid equations.
The Jeans instability of a nonrelativistic SF was qual-
itatively discussed by Hu et al. [87] who rederived the
quantum Jeans length of Eq. (8). A more detailed anal-
ysis was done by Sikivie and Yang [103] who considered
the growth of structures in an expanding Universe and
rederived Eq. (10) directly from the quantum hydro-
dynamic equations. In that case, the term ~2k4/4m2a2
arises directly from the quantum potential in the Eu-
ler equation, and there is no need to make the formal
(and mathematically illicit) substitution from Eq. (9).
In these studies, the SF is assumed to be noninteract-
ing. The Jeans instability of a nonrelativistic SF with
an arbitrary self-interaction (repulsive or attractive) in a
static Universe has been treated in detail by [67] who de-
rived the Jeans length of Eq. (34) below. The growth of
structures of a self-interacting SF in an expanding Uni-
verse was treated independently by [112] and [113] who
derived the equation
d2δk
dt2
+ 2H
dδk
dt
+
(
~2k4
4m2a4
+
c2s
a2
k2 − 4piGρb
)
δk = 0
(11)
for the evolution of the density contrast. For ~ = 0, one
recovers the classical Bonnor equation (7) and for cs = 0
one recovers Eq. (10) as particular case.
The study of the Jeans instability of a relativistic com-
plex SF with a quartic potential based on the hydrody-
namic approach has been initiated in our previous paper
[132]. Preliminary results were given for a static Uni-
verse. In particular, we obtained the dispersion relation
of Eq. (58) and the Jeans length of Eq. (65). The case
of an expanding Universe was also considered in [132].
Using simplifying approximations, which amount to ne-
glecting some relativistic terms while preserving the ex-
act expression of the static Jeans length, we obtained the
equation
d2δk
dt2
+ 2H
dδk
dt
+
[
~2k4
4m2a4
+
c2s
a2
k2
− 4piGρb
1 + 3H
2a2
k2c2
(
1 +
2c2s
c2
)(
1 +
3c2s
c2
+
~2k2
4m2c2a2
)]
δk = 0
(12)
for the evolution of the density contrast. We showed
that general relativity prevents the growth of pertur-
bations whose wavelengths are larger than the Hubble
length (horizon). More precisely, the SF gives three dis-
tinct regions in Fourier space. On scales smaller than the
Jeans length λJ , the contrast in the energy density os-
cillates with constant or growing amplitude (depending
on the dominant regime, either noninteracting or non-
quantum). Above the Jeans length λJ but still below
the Hubble length λH , self-gravity prevails, the density
contrast grows, and the Jeans instability comes into play.
Lastly, at scales close to or larger than the Hubble length
λH , the energy density freezes due to general relativistic
6effects. These results are consistent with those obtained
in [197] using SF equations.
In this paper, we continue the work initiated in [132].
We consider a relativistic complex SF with a |ϕ|4 self-
interaction. The cosmological evolution of a homo-
geneous SF with a repulsive self-interaction has been
treated in [127] from field equations (see also the previous
works of [96, 170, 189, 198]) and in [132, 151] from hydro-
dynamic equations. For weak self-interactions (in a sense
detailed in [151]), the SF undergoes a stiff matter era fol-
lowed by a matterlike era. For stronger self-interactions,
it undergoes a stiff matter era followed by a radiation-
like era, and finally a matterlike era. Phase diagrams are
provided in [151]. The case of a SF with an attractive
self-interaction has also been considered in [151] leading
to intriguing results. It appears that two evolutions, cor-
responding to two different branches, are possible. The
SF behaves as DM on the normal branch and as DE on
the peculiar branch. In the latter, the SF maintains a
constant energy density as a result of spintessence [189].
In the present paper, we restrict ourselves to a static
background and study the Jeans instability of a general
relativistic complex SF with a |ϕ|4 self-interaction. In
Sec. II, we expose our procedure to solve the problem
and refer to our previous work [132] for technical details.
In Sec. III, we briefly recall the results of the Jeans in-
stability of a nonrelativistic SF [67]. In Sec. IV, we
consider a simplified relativistic model, which turns out
to be equivalent to the one considered by Khlopov et al.
[157], where some terms are neglected in the dispersion
relation. In Sec. V, we consider the exact relativistic
model where all the terms are retained in the dispersion
relation (the nongravitational limit is treated in Sec. VI).
When relativistic effects are fully accounted for, we find
that the perturbations are stabilized at very large scales
of the order of the Hubble length λH . In the following
sections, we consider astrophysical and cosmological ap-
plications of our theoretical results. In Sec. VII, we show
that the Jeans instability is inhibited in the ultrarelativis-
tic regime (early Universe and radiationlike era) because
the Jeans length is of the order of the Hubble length
(λJ ∼ λH), except when the self-interaction of the SF is
attractive. In Sec. VIII, we show that the Jeans insta-
bility can take place in the nonrelativistic regime (mat-
terlike era) for λJ ≤ λ ≤ λH . Numerical applications are
made for ultralight bosons without self-interaction (fuzzy
dark matter), for bosons with a repulsive self-interaction,
and for bosons with an attractive self-interaction (QCD
axions and ultralight axions). In Sec. IX, we compare
our results with those obtained in the case where dark
matter is made of fermions instead of bosons.
II. THE JEANS INSTABILITY OF A
RELATIVISTIC COMPLEX SF
We consider a relativistic complex SF, possibly repre-
senting the wave function of a BEC at T = 0, with a
quartic self-interaction potential of the form
Vtot(|ϕ|2) = m
2c2
2~2
|ϕ|2 + 2piasm
~2
|ϕ|4. (13)
The quadratic term is the rest-mass term and the quartic
term is the self-interaction term. Here, m denotes the
mass of the bosons and as their scattering length. The
self-interaction is repulsive when as > 0 and attractive
when as < 0 [199]. The evolution of the SF is described
by the KG equation
ϕ+ 2dVtot
d|ϕ|2ϕ = 0, (14)
where  is the d’Alembertian operator in a curved space-
time:
 ≡ Dµ(gµν∂ν) = 1√−g ∂µ(
√−g gµν∂ν). (15)
For the specific SF potential (13), the KG equation takes
the form
ϕ+ m
2c2
~2
ϕ+
8piasm
~2
|ϕ|2ϕ = 0. (16)
It is coupled to the Einstein equations
Rµν − 1
2
gµνR =
8piG
c4
Tµν , (17)
where Rµν is the Ricci tensor and T
µν is the energy-
momentum tensor of the SF given by
Tµν =
1
2
(∂µϕ
∗∂νϕ+ ∂νϕ∗∂µϕ)
−gµν
[
1
2
gρσ∂ρϕ
∗∂σϕ− Vtot(|ϕ|2)
]
. (18)
Our aim is to study the Jeans instability of an infinite
homogeneous relativistic complex SF in a static back-
ground in relation to the formation of structures in cos-
mology. Following our previous work [132], we proceed
as follows:
(i) We first introduce the Newtonian gauge [see Eq.
(I-18)]9 to write the KGE equations in the weak field
approximation [see Eqs. (I-20) and (I-26)]. Since we
consider the linear perturbation regime, there is no lim-
itation in using this gauge. However, we consider the
simplest form of the Newtonian gauge, only taking into
account scalar perturbations which are the ones that
contribute to the formation of structures in cosmology.
Vector contributions (which are supposed to be always
small) vanish during cosmic inflation and tensor contri-
butions (which account for gravitational waves) are ne-
glected [168]. We also neglect anisotropic stress for sim-
plicity.
9 Here and in the following (I-x) refers to Eq. (x) of [132] called
Paper I.
7(ii) We make the Klein transformation [see Eq. (I-34)],
which amounts to subtracting the rest mass energy, and
obtain the general relativistic GPE equations [see Eqs.
(I-35) and (I-36)] from the KGE equations. The interest
of this transformation is that the GPE equations (unlike
the KGE equations) have a well defined nonrelativistic
limit c → +∞, leading to the GPP equations [see Eqs.
(I-C1) and (I-C2)] that are relevant in the Newtonian
regime.
(iii) We use the Madelung transformation [see Eqs. (I-
39) and (I-40)] to obtain a hydrodynamic representation
of the GPE equations. These hydrodynamic equations
[see Eqs. (I-41)-(I-44)] are equivalent to the GPE equa-
tions (themselves equivalent to the KGE equations) and
they put us in a situation similar to the one investigated
by Jeans [2, 3] except that we have additional terms due
to quantum mechanics (~) and relativity (c). These hy-
drodynamic equations depend on a pseudo rest-mass den-
sity defined by
ρ =
m2
~2
|ϕ|2 = |ψ|2. (19)
It is only in the nonrelativistic limit c → +∞ that ρ
corresponds to the mass density, but we can always in-
troduce ρ from Eq. (19) as a convenient notation, even
in the relativistic regime [132].
(iv) The hydrodynamic equations involve a pseudo
pressure given by the polytropic (quadratic) equation of
state
p =
2pias~2
m3
ρ2. (20)
This pressure is due to the self-interaction of the bosons.
This equation of state keeps the same form in the nonrel-
ativistic and relativistic regimes.10 From this equation of
state, we can define the pseudo speed of sound
c2s = p
′(ρ) =
4pias~2ρ
m3
. (21)
We note that c2s > 0 for a repulsive self-interaction and
c2s < 0 for an attractive self-interaction.
(v) We now consider the case of a static Universe cor-
responding to a = 1 and H = 0 in the equations of [132].
For the homogeneous background, we have the exact re-
lations [132]:11
 = ρc2
(
1 +
6pias~2
m3c2
ρ
)
, (22)
10 The equation of state p(ρ) usually differs from the true equa-
tion of state P () that relates the pressure P obtained from the
energy-momentum tensor to the energy density . In specific
situations, e.g. for a static background, the pressures p and P
coincide (see below).
11 We note that these relations coincide with those obtained in [151]
for a homogeneous SF in an expanding Universe. In that con-
text, they apply to the fast oscillation regime, equivalent to the
Thomas-Fermi (TF) or semiclassical approximation, in which the
quantum potential can be neglected. We note that the TF ap-
ρ =
m3c2
12pias~2
(√
1 +
24pias~2
m3c4
− 1
)
, (23)
P = p =
m3c4
72pias~2
(√
1 +
24pias~2
m3c4
− 1
)2
(24)
between the (uniform) pseudo rest mass density ρ, the
(uniform) energy density , and the (uniform) pressure
P . For a noninteracting SF (as = 0), these relations
reduce to
 = ρc2, P = 0, (25)
in all the regimes (relativistic and nonrelativistic). We
now have to distinguish attractive and repulsive self-
interactions. We first consider repulsive self-interactions
(as > 0). In the ultrarelativistic limit ρ  ρR =
m3c2/6pias~2 (see Appendix D 3), we get
 ∼ 6pias~
2
m3
ρ2, P ∼ 1
3
. (26)
This corresponds to the radiationlike era in [127, 151].
Indeed, in the ultrarelativistic limit, the SF behaves like
radiation at the background level. In the nonrelativistic
limit ρ ρR, we get
 ∼ ρc2, P ∼ 2pias~
2
m3c4
2. (27)
This corresponds to the pressureless matterlike era in
[127, 151]. Indeed, in the nonrelativistic limit, the SF
behaves as pressureless matter at the bakground level.
We now consider attractive self-interactions (as < 0).
In the ultrarelativistic limit, coming back temporarily
to the more realistic case of an expanding Universe, we
know from the results of [151] that the pseudo rest-mass
density tends to the value (see Appendix D 5):
ρi =
m3c2
12pi|as|~2 . (28)
We also have
i =
m3c4
24pi|as|~2 , Pi = −
1
3
i. (29)
This corresponds to the cosmic stringlike era in [151]. In
the nonrelativistic limit ρ ρi, we recover Eq. (27).
(vi) We linearize the hydrodynamic equations about a
spatially homogeneous state (making the Jeans swindle)
proximation is always valid for a homogeneous SF in a static
background because the terms in ~ in the hydrodynamic equa-
tions all involve a temporal derivative or a gradient (see [132, 151]
for details) and therefore vanish. Note, however, that the TF ap-
proximation is not always valid at the level of the perturbations.
8and decompose the perturbation in Fourier modes of the
form exp[i(k · r−ωt)]. In this way, we obtain the disper-
sion relation ω(k) that relates the complex pulsation ω
to the wave number k = 2pi/λ. From this dispersion rela-
tion,12 we can determine the oscillatory modes (ω2 > 0),
the growing modes (ω2 < 0) giving rise to a linear insta-
bility, the Jeans length λJ (corresponding to the neutral
mode ω = 0) separting stable and unstable modes, and
the optimal length λ∗ having the maximum growth rate
σmax.
The general dispersion relation corresponding to the
full KGE equations without approximation has been de-
termined in our previous paper [132], see Eq. (I-69), but
only a preliminary analysis of its solutions was given. In
the present paper, we study it in greater detail. To in-
crease the complexity of the problem progressively, we
first consider the nonrelativistic model (Sec. III), then
a simplified relativistic model where some terms are ne-
glected in the KGE equations (Sec. IV), and finally the
exact relativistic model (Sec. V). In each section, we pro-
vide general equations valid for repulsive (c2s > 0) and
attractive (c2s < 0) self-interactions but in the discus-
sion, for simplicity, we restrict ourselves to repulsive self-
interactions. The case of attractive self-interactions is
considered in greater detail in the nongravitational limit
(Sec. VI).
III. THE NONRELATIVISTIC MODEL
In this section, we study the dispersion relation of a
self-gravitating BEC in the nonrelativistic limit c→ +∞.
In that limit, the KGE equations reduce to the GPP
equations [see Eqs. (I-C1) and (I-C2)]. The Jeans prob-
lem based on the hydrodynamic equations derived from
the GPP equations [see Eqs. (I-C3)-(I-C6)] has been
studied in detail in [67] for both repulsive (as > 0) and
attractive (as < 0) self-interactions between the bosons.
In this section, we briefly recall the main results of this
study (restricting ourselves to the case as > 0) in order
to facilitate the comparison with the relativistic results
discussed in the following sections.
A. The general case
In the nonrelativistic limit, the dispersion relation
characterizing the small perturbations of a spatially ho-
mogeneous self-gravitating BEC is given by (see Sec. V
of [67]):
ω2 =
~2k4
4m2
+ c2sk
2 − 4piGρ. (30)
12 Although we work in terms of pseudo hydrodynamic variables
such as ρ, p etc., the dispersion relation ω(k) is independent of
our choice of variables. In this sense, our study is general.
Equation (30) corresponds to the Bogoliubov energy
spectrum of the excitations of a self-gravitating and
weakly self-interacting BEC [159]. The function ω2(k)
is plotted in Fig. 1 using the normalization of Appendix
A 1 with χ ∝ 2/c2 = 0 (nonrelativistic limit). It starts
from ω2(0) = −4piGρ at k = 0 and increases monotoni-
cally with k. For k → 0, we obtain
ω2 ' −4piGρ+ c2sk2, (31)
corresponding to the classical regime. For k → +∞, we
obtain
ω2 ∼ ~
2k4
4m2
, (32)
corresponding to the strongly quantum regime.
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FIG. 1: Dispersion relation Ω2(κ) of the nonrelativistic model
(χ = 0) for different values of the speed of sound (self-
interaction) α = 0, 1, 2, 3, 4, 5.
The Jeans wavenumber kJ , corresponding to ω = 0, is
determined by the equation
~2k4J
4m2
+ c2sk
2
J − 4piGρ = 0. (33)
This is a second degree equation in k2J . Its physical solu-
tion (corresponding to a real Jeans wavenumber) is [67]:
k2J =
2m2
~2
(
−c2s +
√
c4s +
4piGρ~2
m2
)
. (34)
The Jeans wavenumber k2J is plotted as a function of the
speed of sound (self-interaction) α ∝ c2s/2 in Fig. 2 using
the normalization of Appendix A 1. The system is stable
(ω2 > 0) for k > kJ and unstable (ω
2 < 0) for k < kJ
(see Fig. 1). In the first case, the perturbations oscil-
late with a pulsation ω =
√
ω2. In the second case, the
perturbations grow exponentially rapidly with a growth
rate σ =
√−ω2. The maximum growth rate corresponds
to k∗ = 0 (infinitely large scales) and is equal to
σmax = (4piGρ)
1/2. (35)
9It is of the order of the inverse of the dynamical time
tD = (4piGρ)
−1/2 [8]. We note from Figs. 1 and 2 that
the Jeans length increases with the speed of sound (self-
interaction) while the maximum growth rate remains
constant. Therefore, the self-interaction increases the
Jeans length but does not change the maximum growth
rate.
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FIG. 2: Jeans wavenumber κJ of the nonrelativistic model
(χ = 0) as a function of the speed of sound α (self-interaction).
B. The noninteracting limit
In the noninteracting limit (cs = 0), the dispersion
relation of Eq. (30) reduces to
ω2 =
~2k4
4m2
− 4piGρ. (36)
The Jeans wavenumber is given by
k2J =
(
16piGρm2
~2
)1/2
. (37)
We call it the quantum Jeans wavenumber because it
is due to the competition between the gravitational at-
traction and the repulsion due to the quantum pressure
arising from the Heisenberg uncertainty principle.
C. The TF limit
In the TF limit in which the quantum potential can
be neglected (~ = 0), the dispersion relation of Eq. (30)
reduces to
ω2 = c2sk
2 − 4piGρ. (38)
This is the classical Jeans dispersion relation except that,
in the present context, the pressure term is due to the
self-interaction of the bosons instead of thermal motion
(we recall that T = 0 for our system). For k → +∞:
ω2(k) ∼ c2sk2. (39)
For large wavenumbers (short wavelengths), the pressure
term dominates the gravitational term and the waves be-
have as sound waves.
The Jeans wavenumber is given by
k2J =
4piGρ
c2s
. (40)
It results from the competition between the gravitational
attraction and the repulsion due to the pressure arising
from the self-interaction of the bosons. We call it the
classical Jeans wavenumber because it is similar to the
ordinary Jeans wavenumber obtained from a classical hy-
drodynamic approach. We recall, however, that, in the
present context, the pressure due to the self-interaction
of the bosons has an intrinsic quantum nature.
Remark: In the case ~ = cs = 0, the dispersion relation
of Eq. (30) reduces to ω2 = −4piGρ. The system is
unstable at all wavelengths and the growth rate has a
constant value σ = (4piGρ)1/2.
IV. THE SIMPLIFIED RELATIVISTIC MODEL
In this section, we consider a simplified relativistic
model which corresponds to the weak field limit Φ/c2 → 0
of the KGE equations (see Appendix D of [132] and Sec.
11 of [133]). This is different from the nonrelativistic
limit c → +∞ considered in the previous section. This
model coincides with the one studied by Khlopov et al.
[157]. However, this model is not fully accurate because
it neglects some terms in the linearized KGE equations
(the terms Φ/c2 that are not multiplied by c2). Actually,
in the relativistic regime, one must take into account all
the terms of order Φ/c2 in the linearized KGE equations.
The exact relativistic model will be considered in Sec. V.
However, we first consider this simplified model in order
to compare it later with the exact one.
A. The general case
In the simplified relativistic model, the dispersion re-
lation is given by (see Appendix D of [132]):
~2
4m2c4
ω4 −
(
1 +
3c2s
c2
+
~2k2
2m2c2
)
ω2 +
~2k4
4m2
+ c2sk
2
− 4piGρ
(
1 +
2c2s
c2
)
= 0. (41)
This is a second degree equation in ω2. The discriminant
of this equation
∆ =
(
1 +
3c2s
c2
)2
+
(
1 +
2c2s
c2
)
~2k2
m2c2
+
~2
m2c4
4piGρ
(
1 +
2c2s
c2
)
(42)
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is manifestly positive. Therefore, the dispersion relation
has two real branches ω2±(k). For k = 0:
ω2±(0) =
2m2c4
~2
{
1 +
3c2s
c2
±
[(
1 +
3c2s
c2
)2
+
4piGρ~2
m2c4
(
1 +
2c2s
c2
)]1/2}
. (43)
We note that ω2+(0) > 0 and ω
2
−(0) < 0. For k → 0:
ω2±(k) ' ω2±(0) + c2effk2. (44)
The coefficient in front of k2 can be interpreted as an ef-
fective speed of sound (compare Eq. (44) with Eq. (31)).
It is given by
c2eff
c2
= 1± 1 +
2c2s
c2√(
1 +
3c2s
c2
)2
+ 4piGρ~
2
m2c4
(
1 +
2c2s
c2
) . (45)
For k → +∞:
ω2±(k) ' c2k2
(
1± 2mc
~k
√
1 +
2c2s
c2
)
. (46)
In that limit, the effective speed of sound is equal to the
speed of light (ceff = c).
The square pulsation ω2+(k) starts from a positive
value, increases, and tends to +∞ as k → +∞. There-
fore, the branch (+) corresponds to stable modes that
oscillate with a pulsation ω+ = (ω
2
+)
1/2. The minimum
pulsation corresponds to k = 0 (infinitely large scales)
and is given by (ω+)min = ω+(0) where ω
2
+(0) is given
by Eq. (43). In the nonrelativistic limit c → +∞, the
minimum pulsation (ω+)min tends to infinity. This is the
reason why the branch (+) does not appear in the non-
relativistic analysis of Sec. III (it is rejected at infinity).
The square pulsation ω2−(k) starts from a negative
value ω2−(0) < 0, increases, vanishes at k = kJ , and tends
to +∞ as k → +∞. Therefore, there exist stable and un-
stable modes. The Jeans wavenumber kJ , corresponding
to ω = 0, is determined by the equation
~2k4J
4m2
+ c2sk
2
J − 4piGρ
(
1 +
2c2s
c2
)
= 0. (47)
This is a second degree equation in k2J . Its physical solu-
tion is
k2J =
2m2
~2
{
−c2s+
[
c4s+
4piGρ~2
m2
(
1 +
2c2s
c2
)]1/2}
. (48)
The system is stable (ω2 > 0) for k > kJ and unstable
(ω2 < 0) for k < kJ . In the first case, the perturbations
oscillate with a pulsation ω− = (ω2−)
1/2. In the second
case, the perturbations grow exponentially rapidly with
a growth rate σ = (−ω2−)1/2. The maximum growth
rate corresponds to k = 0 (infinitely large scales) and
is given by σmax = (−ω2−(0))1/2 where ω2−(0) is given
by Eq. (43). In the nonrelativistic limit c → +∞, the
maximum growth rate σmax tends to the value (4piGρ)
1/2
of Sec. III.
B. The noninteracting limit
In the noninteracting limit (cs = 0), the dispersion
relation of Eq. (41) reduces to
~2
4m2c4
ω4 −
(
1 +
~2k2
2m2c2
)
ω2 +
~2k4
4m2
− 4piGρ = 0. (49)
The functions ω2±(k) are represented in Figs. 3 and 4
for different values of the relativistic parameter χ ∝ 2/c2
using the normalization of Appendix A 1. For k → 0, the
solution of Eq. (49) can be written as Eq. (44) with
ω2±(0) =
2m2c4
~2
(
1±
√
1 +
4piGρ~2
m2c4
)
(50)
and
c2eff
c2
= 1± 1√
1 + 4piGρ~
2
m2c4
. (51)
For k → +∞:
ω2±(k) ' c2k2
(
1± 2mc
~k
)
. (52)
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FIG. 3: Dispersion relation Ω2+(κ) of the simplified relativistic
model in the noninteracting limit (α = 0) for different values
of the relativistic parameter χ = 0.4, 0.7, 1, 1.3.
Concerning the branch (+), the minimum pulsation
corresponds to k = 0 and is given by (ω+)min =
(ω2+(0))
1/2 where ω2+(0) is given by Eq. (50). It is plotted
as a function of the relativistic parameter χ ∝ 2/c2 in Fig.
11
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FIG. 4: Dispersion relation Ω2−(κ) of the simplified relativistic
model in the noninteracting limit (α = 0) for different values
of the relativistic parameter χ = 0, 0.1, 0.4, 0.7, 1, 1.3. We
note that the Jeans wavenumber κJ = 1 is independent of
the relativistic parameter.
8 of the next section using the normalization of Appendix
A 1. Its asymptotic behaviors are given in Appendix B 1.
We note that the minimum pulsation (ω+)min decreases
as relativistic effects increase.
Concerning the branch (-), the Jeans wavenumber is
given by
k2J =
(
16piGρm2
~2
)1/2
. (53)
It has the same expression as in the nonrelativistic model
[see Eq. (37)]. The maximum growth rate corresponds
to k∗ = 0 (infinitely large scales) and is given by σmax =
(−ω2−(0))1/2 where ω2−(0) is given by Eq. (50). It is plot-
ted as a function of the relativistic parameter χ ∝ 2/c2
in Fig. 11 of the next section using the normalization
of Appendix A 1. Its asymptotic behaviors are given in
Appendix B 1. We note that the maximum growth rate
σmax decreases as relativistic effects increase and tends
to zero in the ultrarelativistic limit (c→ 0).
C. The TF limit
In the TF limit (~ = 0), the dispersion relation of Eq.
(41) reduces to
ω2 =
c2sk
2 − 4piGρ
(
1 +
2c2s
c2
)
1 +
3c2s
c2
. (54)
The function ω2(k) is represented in Fig. 5 for different
values of the relativistic parameter ν ∝ 1/c2 using the
normalization of Appendix A 2. It corresponds to the
limit form of the branch (−). The branch (+) is rejected
at infinity. Equation (54) can be written as Eq. (44)
with
ω2(0) = −4piGρ1 +
2c2s
c2
1 +
3c2s
c2
(55)
and
c2eff =
c2s
1 +
3c2s
c2
. (56)
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FIG. 5: Dispersion relation Ω2(κ) of the simplified relativis-
tic model in the TF limit ( = 0) for different values of the
relativistic parameter ν = 0, 0.1, 0.4, 0.7, 1. We note the re-
markable fact that all the curves cross each other at the point
(κ,Ω2) = (1/
√
3,−2/3). In other words, for κ = −1/√3 the
pulsation is Ω2 = −2/3 independently of the value of the
relativistic parameter.
The Jeans wavenumber is given by
k2J =
4piGρ
c2s
(
1 +
2c2s
c2
)
. (57)
It is plotted as a function of the relativistic parameter
ν ∝ 1/c2 in Fig. 13 of the next section using the normal-
ization of Appendix A 2. Its asymptotic behaviors are
given in Appendix C 1. We note that the Jeans length
decreases as relativistic effects increase. The maximum
growth rate corresponds to k∗ = 0 (infinitely large scales)
and is given by σmax = (−ω2−(0))1/2 where ω2−(0) is given
by Eq. (55). It is plotted as a function of the relativis-
tic parameter ν ∝ 1/c2 in Fig. 15 of the next section
using the normalization of Appendix A 2. Its asymp-
totic behaviors are given in Appendix C 1. We note that
the maximum growth rate σmax decreases as relativistic
effects increase and tends to a constant in the ultrarela-
tivistic limit (c→ 0).
Remark: In the case ~ = cs = 0, the dispersion re-
lation of Eq. (41) reduces to ω2 = −4piGρ like in the
nonrelativistic model.
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V. THE EXACT RELATIVISTIC MODEL
In this section, we consider the exact relativistic model
of [132] which is based on the exact linearized KGE equa-
tions.
A. The general case
In the exact relativistic model, the dispersion relation
is given by (see Sec. IV.D of [132]):
~2
4m2c4
ω4 −
(
1 + γ
3γ + 1
~2k2
2m2c2
+ 1 +
3c2s
c2
)
ω2
+
1
1 + 3γ
[
(1− γ)~
2k4
4m2
+ (1− 3γ)k2c2s
−4piGρ
(
1 +
2c2s
c2
)]
= 0, (58)
where we have introduced the abbreviation
γ =
4piGρ
k2c2
(
1 +
2c2s
c2
)
. (59)
This is a second degree equation in ω2. The discriminant
of this equation
∆ =
~4k4
m4c4
γ2
(3γ + 1)2
+
~2k2
m2c2
1
3γ + 1
×
[
1 + 2γ + (6γ + 2)
c2s
c2
]
+
(
1 +
3c2s
c2
)2
(60)
is manifestly positive. Therefore, the dispersion relation
has two real branches ω2±(k). For k → 0:
ω2+(k) '
4m2c4
~2
(
1 +
3c2s
c2
)
+ k2c2 + ..., (61)
ω2−(k) ∼ −
1
3
k2c2. (62)
For k → +∞:
ω2±(k) ' c2k2
(
1± 2mc
~k
√
1 +
2c2s
c2
)
. (63)
The effective speed of sound on the branch (+) is equal
to the speed of light (ceff = c) for both small and large
k. The effective speed of sound on the branch (−) is
imaginary (c2eff = −c2/3) for small k and is equal to the
speed of light (ceff = c) for large k.
The square pulsation ω2+(k) starts from a positive value
ω2+(0) > 0, increases, and tends to +∞ as k → +∞.
Therefore, the branch (+) corresponds to stable modes
that oscillate with a pulsation ω+ = (ω
2
+)
1/2. The min-
imum pulsation corresponds to k = 0 (infinitely large
scales) and is given by (ω+)min = ω+(0) where ω
2
+(0) is
given by the first term in Eq. (61). In the nonrelativistic
limit c→ +∞, the minimum pulsation (ω+)min tends to
infinity. This is the reason why the branch (+) does not
appear in the nonrelativistic analysis of Sec. III (it is
rejected at infinity).
The square pulsation ω2−(k) starts from zero, decreases,
reaches a minimum value ω2−(k∗) at k∗, increases, van-
ishes at k = kJ , and tends to +∞ as k → +∞. There-
fore, the branch (−) has stable (oscillating) and unstable
(growing) modes. The Jeans wavenumber, corresponding
to ω = 0, is determined by the equation
~2k4J
4m2
+
[
c2s −
piGρ~2
m2c2
(
1 +
2c2s
c2
)]
k2J
−4piGρ
(
1 +
2c2s
c2
)(
1 +
3c2s
c2
)
= 0. (64)
This is a second degree equation in k2J . Its physical solu-
tion is
k2J =
2m2
~2
(
−c2s +
piGρ~2
m2c2
(
1 +
2c2s
c2
)
+
{[
c2s −
piGρ~2
m2c2
(
1 +
2c2s
c2
)]2
+
4piGρ~2
m2
(
1 +
2c2s
c2
)(
1 +
3c2s
c2
)}1/2)
. (65)
The system is stable (ω2− > 0) for k > kJ and unstable
(ω2− < 0) for k < kJ . In the first case, the perturbations
oscillate with a pulsation ω− = (ω2−)
1/2. In the second
case, the perturbations grow exponentially rapidly with
a growth rate σ = (−ω2−)1/2. The maximum growth rate
corresponds to the optimal wavenumber k∗ and is given
by σmax = (−ω2−(k∗))1/2. In the nonrelativistic limit
c→ +∞, k∗ → 0 and σmax → (4piGρ)1/2 as in Sec. III.
Remark: In the exact relativistic model, the system
tends to be stabilized at very large scales since the growth
rate σ(k) vanishes at k = 0 while in the nonrelativistic
model and in the simplified relativistic model the growth
rate σ(k) is maximum at k = 0. Therefore, the exact
model turns out to be very different from the nonrel-
ativistic model and from the simplified model at large
scales. General relativistic effects, when they are fully
taken into account, tend to stabilize the system at large
scales. For c → +∞, using Eq. (62), we find that this
stabilization occurs when −ω2− ∼ (1/3)k2c2 is of the or-
der of σ2max,0 = 4piGρ, corresponsing to a lengthscale of
the order of the Hubble length λH = c/H ∼ c/
√
Gρ (see
Appendix D 1). Above the Hubble length λH (horizon),
the growth rate decreases towards zero. A similar sta-
bilization at large scales, above the Hubble length, due
to general relativity, was found in [132] when considering
the growth of structures in an expanding Universe.
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B. The noninteracting limit
In the noninteracting limit (cs = 0), the dispersion
relation of Eq. (58) reduces to
~2
4m2c4
ω4 −
(
1 + γ
3γ + 1
~2k2
2m2c2
+ 1
)
ω2
+
1
1 + 3γ
[
(1− γ)~
2k4
4m2
− 4piGρ
]
= 0, (66)
where
γ =
4piGρ
k2c2
. (67)
The functions ω2±(k) are represented in Figs. 6 and 7
for different values of the relativistic parameter χ ∝ 2/c2
using the normalization of Appendix A 1. For k → 0:
ω2+(k) '
4m2c4
~2
+ k2c2 + ..., (68)
ω2−(k) ∼ −
1
3
k2c2. (69)
For k → +∞:
ω2±(k) ∼ k2c2
(
1± 2mc
~k
)
. (70)
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FIG. 6: Dispersion relation Ω2+(κ) of the relativistic model
in the noninteracting limit (α = 0) for different values of the
relativistic parameter χ = 0.4, 0.7, 1, 1.3 (solid lines: exact
relativistic model; dotted lines: simplified relativistic model).
Concerning the branch (+), the minimum pulsation
corresponds to k = 0 and is given by (ω+)min = 2mc
2/~.
It is plotted as a function of the relativistic parameter
χ ∝ 2/c2 in Fig. 8 using the normalization of Appendix
A 1 (see also Appendix B 2). We note that the minimum
pulsation decreases as relativistic effects increase. In the
nonrelativistic limit (χ→ 0), we find that ω+(0)→ +∞.
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FIG. 7: Dispersion relation Ω2−(κ) of the exact relativistic
model in the noninteracting limit (α = 0) for different values
of the relativistic parameter χ = 0, 0.1, 0.4, 0.7, 1, 1.3. The
growth rate Σ(κ) = (−Ω2−(κ))1/2 reaches a maximum value
at a nonzero wavenumber κ∗. We note that the curves do not
exactly cross each other at the same point contrary to what
might be thought from the figure.
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FIG. 8: Minimum pulsation Ω2+(0) of the branch (+) as a
function of the relativistic parameter χ (solid line: exact rel-
ativistic model; dotted line: simplified relativistic model).
In the ultrarelativistic limit (χ → +∞), we find that
ω+(0)→ 0.
Concerning the branch (-), the Jeans wavenumber is
given by
k2J =
2piGρ
c2
(
1 +
√
1 +
4m2c4
piGρ~2
)
. (71)
We note that the exact expression (71) of the Jeans
wavenumber depends on c contrary to the expression (53)
obtained from the simplified model. The Jeans wavenum-
ber kJ is plotted as a function of the relativistic param-
eter χ ∝ 2/c2 in Fig. 9 using the normalization of Ap-
pendix A 1. Its asymptotic behaviors are given in Ap-
pendix B 2. We note that the Jeans length decreases
as relativistic effects increase. The optimal wavenum-
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ber k∗ and the maximum growth rate σmax are plotted
as a function of the relativistic parameter χ ∝ 2/c2 in
Figs. 10 and 11 using the normalization of Appendix A 1.
Their asymptotic behaviors are given in Appendix B 2.
We note that the optimal wavelength and the maximum
growth rate both decrease as relativistic effects increase.
In the nonrelativistic limit (χ → 0), we find that λJ →
2pi(~2/16piGρm2)1/4, λ∗ → +∞ and σmax → (4piGρ)1/2.
In the ultrarelativistic limit (χ → +∞), we find that
λ∗ ∼ 1.47λJ → 0 and σmax → 0.268(4piGρ)1/2.
0.01 0.1 1 10 100
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1
10
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FIG. 9: Jeans wavenumber κJ of the relativistic model in the
noninteracting limit (α = 0) as a function of the relativistic
parameter χ (solid line: exact relativistic model; dotted line:
simplified relativistic model).
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FIG. 10: Most unstable wavenumber κ∗ of the relativistic
model in the noninteracting limit (α = 0) as a function of the
relativistic parameter χ (solid line: exact relativistic model;
dashed lines: asymptotic behaviors of the exact relativistic
model; dotted line: simplified relativistic model).
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FIG. 11: Maximum growth rate −Ω2−(κ∗) of the relativistic
model in the noninteracting limit (α = 0) as a function of the
relativistic parameter χ (solid line: exact relativistic model;
dashed lines: asymptotic behaviors of the exact relativistic
model; dotted line: simplified relativistic model).
C. The TF limit
In the TF approximation (~ = 0), the dispersion rela-
tion of Eq. (58) reduces to
ω2 =
1
1 + 3γ
(1− 3γ)k2c2s − 4piGρ
(
1 +
2c2s
c2
)
1 +
3c2s
c2
, (72)
where
γ =
4piGρ
k2c2
(
1 +
2c2s
c2
)
. (73)
The function ω2(k) is represented in Fig. 12 for different
values of the relativistic parameter ν ∝ 1/c2 using the
normalization of Appendix A 2. It corresponds to the
limit form of the branch (−). The branch (+) is rejected
at infinity. For k → 0:
ω2 ∼ −1
3
k2c2. (74)
The effective speed of sound is imaginary (c2eff = −c2/3).
For k → +∞:
ω2 ∼ c
2
s
1 +
3c2s
c2
k2. (75)
In that case, the effective speed of sound is
c2eff =
c2s
1 +
3c2s
c2
. (76)
The Jeans wavenumber is given by
k2J =
4piGρ
c2s
(
1 +
3c2s
c2
)(
1 +
2c2s
c2
)
. (77)
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It is plotted as a function of the relativistic parameter
ν ∝ 1/c2 in Fig. 13 using the normalization of Appendix
A 2. Its asymptotic behaviors are given in Appendix
C 2. We note that the Jeans length decreases as rela-
tivistic effects increase. The optimal wavenumber k∗ and
the maximum growth rate σmax are plotted as a func-
tion of the relativistic parameter ν ∝ 1/c2 in Figs. 14
and 15 using the normalization of Appendix A 2. Their
asymptotic behaviors are given in Appendix C 2. We note
that the optimal wavelength decreases as relativistic ef-
fects increase. The maximum growth rate first decreases,
reaches a minimum and finally increases as relativistic
effects increase (see Appendix C 2). In the nonrelativis-
tic limit (ν → 0), we find that λJ → 2pics/(4piGρ)1/2,
λ∗ → +∞ and σmax → (4piGρ)1/2. In the ultrarelativis-
tic limit (ν → +∞), we find that λ∗ ∼ 1.55λJ → 0 and
σmax → +∞. The maximum growth rate reaches its min-
imum value (σmax)min = 0.662(4piGρ)
1/2 for ν = 0.23.
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FIG. 12: Dispersion relation Ω2(κ) of the exact relativistic
model in the TF limit ( = 0) for different values of the rela-
tivistic parameter ν = 0, 0.1, 0.4, 0.7, 1.
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FIG. 13: Jeans wavenumber κJ of the relativistic model in the
TF limit ( = 0) as a function of the relativistic parameter
ν (solid line: exact relativistic model; dotted line: simplified
relativistic model).
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FIG. 14: Most unstable wavenumber κ∗ of the relativistic
model in the TF limit ( = 0) as a function of the relativistic
parameter ν (solid line: exact relativistic model; dashed lines:
asymptotic behaviors of the exact relativistic model; for the
simplified relativistic model κ∗ = 0).
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FIG. 15: Maximum growth rate −Ω2−(κ∗) of the relativistic
model in the TF limit ( = 0) as a function of the relativistic
parameter ν (solid line: exact relativistic model; dashed lines:
asymptotic behaviors of the exact relativistic model; dotted
line: simplified relativistic model).
Remark: In the case ~ = cs = 0, the dispersion relation
of Eq. (58) reduces to
ω2 = − c
2k2
3 + c
2k2
4piGρ
. (78)
For k → 0:
ω2 ∼ −1
3
k2c2. (79)
For k → +∞:
ω2 → −4piGρ. (80)
The system is unstable at all scales. The maximum
growth rate σmax = (4piGρ)
1/2 is obtained for k → +∞
(infinitely small scales). There is a stabilization at large
scales (k = 0) due to relativistic effects.
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VI. THE NONGRAVITATIONAL LIMIT
In this section, we consider the nongravitational limit
(G = 0). This limit may be relevant in the case of a
SF with an attractive self-interaction (e.g. the axion)
that can experience an instability even in the absence of
self-gravity. The nonrelativistic limit c → +∞ has been
discussed in detail in Sec. V of [67]. In this section,
we take relativistic effects into account. We just give
preliminary results that are sufficient for the numerical
applications made in Secs. VII and VIII. A more detailed
treatment of this problem will be given elsewhere. We
note that, in the nongravitational limit, the simplified
relativistic model and the exact relativistic model are
equivalent.
A. The general case
In the nongravitational limit, the relativistic dispersion
relation is given by
~2
4m2c4
ω4 −
(
~2k2
2m2c2
+ 1 +
3c2s
c2
)
ω2 +
~2k4
4m2
+ k2c2s = 0.
(81)
When c2s ≥ 0, the system is always stable. When c2s < 0,
there is a critical wavenumber13
k2J =
4m2|c2s|
~2
=
16pi|as|ρ
m
. (82)
We note that this critial wavenumber is independent of
c. Therefore, it has the same expression as in the non-
relativistic limit considered in [67]. In the nonrelativistic
limit c → +∞, the dispersion relation of Eq. (81) be-
comes
ω2 =
~2k4
4m2
+ c2sk
2. (83)
In that case, the most unstable wavenumber is k∗ =
(8pi|as|ρ/m)1/2 and the maximum growth rate is σmax =
4pi|as|~ρ/m2 [67]. They can be rewritten as k∗ = kJ/
√
2
and σmax = αω0 where we have introduced the notations
of Appendix A.
B. The noninteracting limit
In the noninteracting limit (cs = 0), the dispersion
relation of Eq. (81) reduces to
~2
4m2c4
ω4 −
(
~2k2
2m2c2
+ 1
)
ω2 +
~2k4
4m2
= 0. (84)
13 Since self-gravity is neglected, this critical wavenumber should
not be called the Jeans wavenumber. However, we will use this
terminology to unify the notations. This makes sense if we view
Eq. (82) as the approximation of the exact Jeans wavenumber
in the nongravitational limit G→ 0.
The system is always stable. In the nonrelativistic limit
c→ +∞, the dispersion relation of Eq. (84) becomes
ω2 =
~2k4
4m2
. (85)
C. The TF limit
In the TF limit, the dispersion relation of Eq. (81)
reduces to
ω2 =
k2c2s
1 +
3c2s
c2
(86)
When c2s > 0 and when c
2
s < −c2/3, the system is always
stable. When −c2/3 < c2s < 0, the system is always un-
stable. In the nonrelativistic limit, the dispersion relation
of Eq. (86) becomes
ω2 = c2sk
2. (87)
VII. ASTROPHYSICAL AND COSMOLOGICAL
APPLICATIONS IN THE ULTRARELATIVISTIC
REGIME (RADIATION ERA)
In this section and in the following one, we use our
theoretical results to make astrophysical and cosmolog-
ical predictions. We first determine simplified expres-
sions of the Jeans length and Jeans mass of the SF in
different limits. Then, we apply these results to different
types of bosons. In the present section, we show that
large-scale structures cannot form in the ultrarelativis-
tic regime (early Universe and radiation era) because the
Jeans length is of the order of the Hubble length, except
in the case where the self-interaction between bosons is
attractive. In the following section, we show that large-
scale structures can form in the nonrelativistic regime
(matter era).
A. The impossibility to form large-scale structures
in the radiation era
It is well-known that structure formation cannot take
place in the radiation era. The quick proof is usually
based on the following (rough) argument. Using the stan-
dard Jeans relation of Eq. (2), identifying ρ with the
energy density /c2, and computing the speed of sound
c2s = dP/dρ = P
′()c2 with the equation of state of radi-
ation P = /3 implying cs = c/
√
3, we obtain
(k2J)naive =
12piG
c4
. (88)
As a result, the Jeans length λJ ∼ (c4/G)1/2 is of the
order of the Hubble length λH (see Appendix D 1). Since
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the Hubble length represents the horizon, the Jeans in-
stability cannot take place. Actually, the correct expres-
sion of the Jeans length based on general relativity is (see
Appendix E):
(k2J)exact =
16piG
c4
. (89)
The exact coefficient is different from the one obtained in
the naive approach but the conclusion is the same: λJ ∼
λH . As a result, large-scale structures cannot form in the
ultrarelativistic regime, corresponding to the radiation
era. This result has been derived for a fluid. We now
derive the corresponding result for a complex SF.
B. The noninteracting limit
In the noninteracting limit (as = 0), the Jeans
wavenumber is given by Eq. (71). In the ultrarelativistic
limit (c→ 0), it reduces to14
k2J =
4piGρ
c2
. (90)
This expression is similar to the classical Jeans wavenum-
ber of Eq. (2) with the substitution cs → c. The Jeans
length is
λJ = 2pi
(
c2
4piGρ
)1/2
. (91)
We note that this expression does not depend on the
Planck constant ~. It is also independent of the particle
mass m which is negligible in the ultrarelativistic regime.
We can express the Jeans wavenumber and the Jeans
wavelength in terms of the energy density , using Eq.
(22) which reduces, in the noninteracting limit (as = 0),
to  = ρc2 [see Eq. (25)]. We get
k2J =
4piG
c4
, λJ = 2pi
(
c4
4piG
)1/2
. (92)
The Jeans mass is defined by
MJ =
4
3
pi

c2
(
λJ
2
)3
. (93)
Using Eqs. (25) and (92), we get
MJ =
1
6
pi5/2
c4
G3/21/2
=
1
6
pi5/2
c3
G3/2ρ1/2
. (94)
14 We note that the simplified relativistic model of [157] is not valid
in the ultrarelativistic limit because it leads to a Jeans wavenum-
ber given by Eq. (53), the same as in the nonrelativistic limit,
which is different from Eq. (90).
As shown in [127, 151], the ultrarelativistic regime of the
SF corresponds to the stiff matter era (early Universe)
where  ∝ a−6 and to the standard radiation era (due
to photons, neutrinos...) where  ∝ a−4. In the first
case, the Jeans length and the Jeans mass increase as a3.
In the second case, they increase as a2. Eliminating the
energy density between Eqs. (92) and (94), we get
MJ =
pi2
6
λJc
2
G
. (95)
This relation is similar to the mass-radius relation
M =
2q
(1 + q)2 + 4q
Rc2
G
(96)
of a general relativistic fluid star described by a linear
equation of state P = q confined within a box [200]. The
radiation case (photon stars) corresponds to q = 1/3 and
the stiff matter case (stiff stars) corresponds to q = 1.
We note that Eq. (95) displays the relativistic scaling
M ∼ Rc2/G.
Introducing the scales λC , MC , ρC (see Appendix D 2)
and the relativistic parameter χ = (ρ/2ρC)
1/2 (see Ap-
pendix A 1) adapted to the noninteracting limit (see Ap-
pendix F 1), we get
λJ
λC
=
2pi
χ
,
MJ
MC
=
pi3
3χ
,
MJ
MC
=
pi2
6
λJ
λC
. (97)
Since χ  1 (i.e. ρ  ρC) in the ultrarelativistic limit,
we find that λJ  λC and MJ MC .
The preceding results are obtained by taking the non-
interacting limit as → 0 before the ultrarelativistic limit
c → 0. We now consider the case where the ultrarel-
ativistic limit c → 0 is taken before the noninteracting
limit as → 0. We have to consider two cases.
For a repulsive self-interaction (as > 0), introduc-
ing the scales λR, MR, ρR (see Appendix D 3) and the
self-interaction parameter ν = 2ρ/3ρR (see Appendix
A 2) adapted to the ultrarelativistic limit (see Appendix
F 5 a), we get
λJ
λR
=
2pi
ν1/2
,
MJ
MR
=
pi3
3ν1/2
,
MJ
MR
=
pi2
6
λJ
λR
. (98)
Since ν  1 (i.e. ρ  ρR) in the noninteracting limit,
we find that λJ  λR and MJ MR.
For an attractive self-interaction (as < 0), the ultra-
relativistic limit imposes (see [151] for details) that the
pseudo rest-mass density and the energy density are given
by ρi and i defined by Eqs. (28) and (29). This corre-
sponds to ν ∼ 1 (see Appendix D 5). In that case, the
Jeans scales (90)-(94) are given by
k2J =
Gm3
3|as|~2 , λJ = 2pi
(
3|as|~2
Gm3
)1/2
, (99)
MJ =
pi3√
3
( |as|~2c4
G3m3
)1/2
. (100)
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Introducing the scales λC , MC , ρC (see Appendix D 2)
and the self-interaction parameter σ = 3|as|/2rS (see
Appendix D 6) adapted to the ultrarelativistic limit (see
Appendix F 5 b), we get
λJ
λC
= 4piσ1/2,
MJ
MC
=
2pi3
3
σ1/2,
MJ
MC
=
pi2
6
λJ
λC
.
(101)
Since σ  1 (i.e. |as|  rS) in the noninteracting limit,
we find that λJ  λC and MJ MC .
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
=
2
√
2pi√
3
,
MJ
MH
=
2
√
2pi3
3
√
3
. (102)
We note that λJ ∼ λH and MJ ∼ MH . Since the Jeans
length is of the order of the Hubble length (horizon),
there is no Jeans instability. Therefore, large-scale struc-
tures cannot form in the ultrarelativistic limit (stiff mat-
ter and radiation eras).
Remark: In Fig. 16, we have plotted the growth rate
of the perturbations as a function of the wavelength for
different values of the relativistic parameter χ using the
normalization of Appendix A 1. In the ultrarelativistic
limit χ→ +∞, the Jeans length λJ and the most unsta-
ble wavelength λ∗ ' 1.47λJ tend to zero while the maxi-
mum growth rate tends to a nonzero, but relatively small,
constant value σmax → 0.268
√
4piGρ (see Appendix B 2).
The instability is relatively localized about λ∗. However,
this instability may not be physical since the Jeans length
is larger than the Hubble length (λJ ' 5.13λH).
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FIG. 16: Growth rate Σ = (−Ω2−)1/2 of the perturbations in
the noninteracting limit (as = 0) as a function of the wave-
length λ/λ0 = 2pi/κ for different values of the relativistic
parameter between χ = 0.1 and χ = 106. In the ultrarela-
tivistic limit (χ  1), the maximum growth rate, localized
at λ∗ ∼ 1.47λJ , tends to a relatively small constant value
Σmax = 0.268 and the Jeans length is larger than the Hubble
length (λJ ' 5.13λH). In the relativistic regime (χ ∼ 1), the
Jeans length λJ is slightly smaller than the Hubble length
λH .
C. The TF limit
In this section, we consider a SF with a repulsive self-
interaction (as > 0). In the TF limit (~→ 0), the Jeans
wavenumber is given by Eq. (77). In the ultrarelativistic
limit (c→ 0),15 it reduces to16
k2J =
24piGρc2s
c4
=
96pi2as~2Gρ2
m3c4
. (103)
This expression is similar to the classical Jeans wavenum-
ber of Eq. (2) with the substitution cs → c2/cs. The
Jeans length is
λJ = 2pi
(
m3c4
96pi2as~2Gρ2
)1/2
. (104)
We can express the Jeans wavenumber and the Jeans
wavelength in terms of the energy density , using Eq.
(22) which reduces, in the ultrarelativistic limit, to  =
(6pias~2/m3)ρ2 [see Eq. (26)]. We get
k2J =
16piG
c4
, λJ = 2pi
(
c4
16piG
)1/2
. (105)
Remarkably, we obtain the same result as the one ob-
tained for a radiative fluid described by the equation of
state P = /3 [see Eq. (89)]. This equivalence is not
trivial since a SF is not an ordinary fluid and the rela-
tion P = /3 only holds for the background, not for the
perturbations (see Sec. II). Using Eq. (105), the Jeans
mass defined by Eq. (93) is given by
MJ =
pi5/2
48
c4
G3/21/2
. (106)
It can also be written as
MJ =
pi5/2
48
(
m3c8
6pias~2G3
)1/2
1
ρ
. (107)
Eliminating the energy density between Eqs. (105) and
(106), we get
MJ =
pi2
24
λJc
2
G
. (108)
As indicated previously, this relation is similar to the
mass-radius relation of a radiation (photon) star with a
15 This corresponds to cs/c → +∞ in Eq. (77). We can have
cs > c because the pseudo speed of sound c2s = p
′(ρ) [see Eq.
(21)] differs from the true speed of sound c2s = P
′()c2. For the
equation of state (24), which reduces to P = /3 (radiation) in
the ultrarelativistic limit [see Eq. (26)], the true speed of sound
is cs = c/
√
3 and it satisfies cs < c.
16 We note that the simplified relativistic model of [157] is not valid
in the ultrarelativistic limit because it leads to a Jeans wavenum-
ber k2J = 8piGρ/c
2 [see Eq. (57)], independent of as, which is
different from Eq. (103).
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linear equation of state P = /3 confined within a box
[200]. In the present case, this agreement can be ex-
plained by the fact that the equation of state of the SF is
P = /3 for the background. Comparing Eq. (96) with
q = 1/3 and Eq. (108), we obtain
MJ
λJ/2
= 3.84
M
R
, (109)
where λJ/2 is the Jeans radius.
Introducing the scales λR, MR, ρR (see Appendix D 3)
and the relativistic parameter ν = 2ρ/3ρR (see Appendix
A 2) adapted to the TF limit (see Appendix F 2), we get
λJ
λR
=
√
2
3
pi
1
ν
,
MJ
MR
=
1
24
√
2
3
pi3
1
ν
,
MJ
MR
=
pi2
24
λJ
λR
.
(110)
Since ν  1 (i.e. ρ  ρR) in the ultrarelativistic limit,
we find that λJ  λR and MJ MR.
The preceding results are obtained by taking the TF
limit ~ → 0 before the ultrarelativistic limit c → 0. We
now consider the case where the ultrarelativistic limit
c → 0 is taken before the TF limit ~ → 0. Introduc-
ing the scales λR and MR (see Appendix D 3) and the
self-interaction parameter ν = 2ρ/3ρR (see Appendix
A 2) adapted to the ultrarelativistic limit (see Appendix
F 5 a), we get Eq. (110) again. Since ν  1 (i.e. ρ ρR)
in the TF limit, we find that λJ  λR and MJ MR.
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
=
√
2
3
pi,
MJ
MH
=
1
8
(
2
3
)3/2
pi3. (111)
We note that λJ ∼ λH and MJ ∼ MH . Since the Jeans
length is of the order of the Hubble length (horizon),
there is no Jeans instability. Therefore, large-scale struc-
tures cannot form in the ultrarelativistic limit (radiation
era).
Remark: In Fig. 17, we have plotted the growth rate
of the perturbations as a function of the wavelength for
different values of the relativistic parameter ν using the
normalization of Appendix A 2. In the ultrarelativistic
limit ν → +∞, the Jeans length λJ and the most unsta-
ble wavelength λ∗ ' 1.55λJ tend to zero while the max-
imum growth rate tends to infinity (see Appendix C 2).
The instability is relatively localized about λ∗. However,
this instability may not be physical since the Jeans length
is larger than the Hubble length (λJ ' 2.565λH).
D. The nongravitational limit
In this section, we consider a SF with an attractive
self-interaction (as < 0). In the nongravitational limit
(G → 0), the Jeans wavenumber is given by Eq. (82).
For an attractive self-interaction (as < 0), the ultrarela-
tivistic limit (c → 0) imposes (see [151] for details) that
the pseudo rest-mass density and the energy density are
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FIG. 17: Growth rate Σ = (−Ω2)1/2 of the perturbations in
the TF limit (~→ 0) as a function of the wavelength λ/λ0 =
2pi/κ for different values of the relativistic parameter between
ν = 0.01 and ν = 5. In the ultrarelativistic limit ν → +∞,
the maximum growth rate, localized at λ∗ ∼ 1.55λJ , tends to
infinity and the Jeans length is larger than the Hubble length
(λJ ' 2.565λH). In the relativistic regime (ν ∼ 1), the Jeans
length λJ is slightly smaller than the Hubble length λH . We
clearly see from this figure that the maximum growth rate
σmax reaches a minimum value (σmax)min = 0.662(4piGρ)
1/2
at ν = 0.23 as discussed in Sec. V C.
given by Eqs. (28) and (29). In that case, the Jeans
wavenumber writes
k2J =
4m2c2
3~2
. (112)
The corresponding Jeans length is
λJ =
√
3pi
~
mc
. (113)
Using Eqs. (29) and (113), the Jeans mass defined by
Eq. (93) is given by
MJ =
pi3
16
√
3
~
|as|c . (114)
Introducing the scales λi, Mi, ρi (see Appendix D 5) and
the relativistic parameter ν = ρ/3ρi (see Appendix A 2)
adapted to the nongravitational limit (see Appendix F 3),
we obtain
λJ
λi
=
√
3pi,
MJ
Mi
=
pi3
16
√
3
. (115)
Since ν ∼ 1 (i.e. ρ ∼ ρi) in the ultrarelativistic limit, we
find that λJ ∼ λi and MJ ∼Mi.
The preceding results are obtained by taking the non-
gravitational limit G → 0 before the ultrarelativistic
limit c→ 0. We now consider the case where the ultrarel-
ativistic limit c→ 0 is taken before the nongravitational
limit G→ 0.
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Introducing the scales λC , MC , ρC (see Appendix D 2)
and the gravitational parameter σ = 3|as|/2rS (see Ap-
pendix D 6) adapted to the ultrarelativistic limit (see Ap-
pendix F 5 b), we get
λJ
λC
=
√
3pi,
MJ
MC
=
√
3pi3
64
1
σ
. (116)
Since σ  1 (i.e. |as|  rS) in the nongravitational
limit, we find that λJ ∼ λC and MJ MC .
Using Eq. (29), the Hubble scales λH and MH (see
Appendix D 1) are given by
λH = 3
( |as|~2
Gm3
)1/2
, MH =
3
2
( |as|~2c4
G3m3
)1/2
.
(117)
They are of the order of λR and MR (see Appendix D 3).
Comparing Eqs. (113), (114) and (117), we get
λJ
λH
=
pi
2
√
σ
,
MJ
MH
=
pi3
64σ3/2
. (118)
Since σ  1 in the nongravitational limit, we find that
λJ  λH and MJ  MH . Since the Jeans length is
smaller than the Hubble length (horizon), there can be
Jeans instability. Therefore, structures can form in the
ultrarelativistic limit when as < 0. This is due to the at-
tractive self-interaction of the bosons, not to self-gravity.
Let us make a numerical application. We consider a
boson with a mass m = 10−4 eV/c2 and a negative scat-
tering length as = −5.8 × 10−53 m (to be specific, we
take the same values as for QCD axions [201] but we
stress that our SF is complex while QCD axions cor-
respond to a real SF). We consider the ultrarelativistic
limit corresponding to a density ρi = 2.09 × 1019 g/m3
[see Eq. (28)]. We find that σ = 3.29× 1014  1, imply-
ing that we are deep in the nongravitational limit (see
Appendix F 5 b). We then obtain λJ = 1.07 × 10−2 m
and MJ = 3.41 × 10−21M. These Jeans scales are
much smaller than the Hubble scales λH = 1.24× 105 m
and MH = 41.9M, implying that the Jeans instabil-
ity can take place. The typical mass and size of the
resulting objects can be compared to the mass and size
Maxiton ∼ 10−12M and Raxiton ∼ 109 m of axitons [57–
59] that also result from the nongravitational collapse
of a SF with an attractive self-interaction (QCD axion)
taking place in the very early Universe. We note that
axitons correspond to a real SF with an attractive self-
interaction while the objects that we have found corre-
spond to a complex SF with an attractive self-interaction.
They could be called complaxitons.
Remark: If we consider ultralight bosons with mass
m = 2.19 × 10−22 eV/c2 and negative scattering length
as = −1.11×10−62 fm (see Sec. VIII E 2) in the ultrarela-
tivistic limit where ρi = 1.15×10−9 g/m3, we obtain σ =
2.87× 107  1, λJ = 0.159 pc and MJ = 1.78× 104M.
These Jeans scales are much smaller than the Hubble
scales λH = 542 pc and MH = 5.66 × 1015M imply-
ing that the Jeans instability can take place. This sug-
gests that large-scale structures, corresponding to proto-
galaxies (germs), can form in the ultrarelativistic regime
of the SF when as < 0. The resulting galaxies would
be much older than what is usually believed, possibly in
agreement with certain recent cosmological observations
where large-scale structures are observed at high redshifts
[202].
VIII. ASTROPHYSICAL AND
COSMOLOGICAL APPLICATIONS IN THE
NONRELATIVISTIC REGIME (MATTER ERA)
A. Preliminary remarks
Since large-scale structures cannot form in the ultra-
relativistic limit (except for complaxitons when as < 0),
we now consider the nonrelativistic limit corresponding
to the matter era. In the matter era  = ρc2 [see Eq.
(27)], and the DM density (here due to the SF) behaves
as a function of the scale factor a as17
ρ =
Ωdm,00
c2a3
, (119)
where 0 = 7.64 × 10−7 g m−1 s−2 is the present energy
density of the Universe and Ωdm,0 = 0.2645 is the present
fraction of DM. Numerically,
ρ
g/m3
= 2.25× 10−24 a−3. (120)
For future reference, we note that the pulsation defined
by Eq. (A1) evolves with the density as
ω0
s−1
= 9.16× 10−7
(
ρ
g/m3
)1/2
. (121)
The radiation-matter equality occurs at aeq = 2.95 ×
10−4. This marks the begining of the matter era. At that
moment, the DM density is ρeq = 8.77 × 10−14 g/m3 =
1.295× 103M/pc3 and the pulsation is (ω0)eq = 2.71×
10−13 s−1. In comparision, the present density of DM
is ρ0 = 2.25 × 10−24 g/m3 and the present pulsation is
(ω0)0 = 1.37× 10−18 s−1.
In the following, we compute the Jeans scales λJ and
MJ for any value of the density ρ (or scale factor a) but
we make numerical applications only at the begining of
the matter era, i.e. at aeq = 2.95 × 10−4, where the
Jeans instability is expected to take place. For compari-
son, we also make numerical applications at the present
epoch a = 1. However, at the present epoch, nonlin-
ear effects have become important (the DM halos are
17 It is shown in [127, 132, 151] that the pressure of the SF is negligi-
ble at large scales in the matterlike era so that the homogeneous
SF evolves like pressureless CDM. Note, however, that the pres-
sure of the SF is important at small scales to stabilize the DM
halos and solve the cusp problem.
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already formed) so that the linear Jeans instability anal-
ysis is not valid anymore except, possibly, at very large
scales. In our analysis, we usually compute the physical
Jeans length λJ but, in some cases, we also compute the
comoving Jeans length
λcJ =
λJ
a
. (122)
The comoving Jeans length plays an important role in the
interpretation of the matter power spectrum [87, 156].
B. Possibility to form large-scale structures in the
matter era
It is simple to show, for a classical self-gravitating fluid,
that structure formation can take place in the matter
era. Using the standard Jeans relation of Eq. (2), where
ρ is the rest-mass density, and computing the speed of
sound c2s = dP/dρ with the isothermal equation of state
P = ρkBT/m implying cs = (kBT/m)
1/2, we obtain
k2J =
4piGρ
c2s
=
4piGρm
kBT
. (123)
Since cs  c in the matter era, the Jeans length λJ is
much smaller than the Hubble length λH (see Appendix
D 1). Therefore, the Jeans instability can take place in
the matter era. We now derive the corresponding result
for a complex SF.
C. The noninteracting limit
1. The Jeans scales
In this section, we consider a noninteracting SF (as =
0). In the nonrelativistic limit c→ +∞, according to Eq.
(37), the quantum Jeans length λJ = 2pi/kJ is given by
λJ = 2pi
(
~2
16piGρm2
)1/4
. (124)
In the nonrelativistic limit, using Eq. (27), the Jeans
mass defined by Eq. (93) reduces to
MJ =
4
3
piρ
(
λJ
2
)3
. (125)
The Jeans mass associated with the Jeans length from
Eq. (124) is
MJ =
1
6
pi
(
pi3~2ρ1/3
Gm2
)3/4
. (126)
Introducing relevant scales, we get
λJ
pc
= 1.16× 10−12
(
eV/c2
m
)1/2(
g/m3
ρ
)1/4
, (127)
MJ
M
= 1.20× 10−20
(
eV/c2
m
)3/2(
ρ
g/m3
)1/4
. (128)
In the matter era, using Eq. (120), we find that the Jeans
length increases as a3/4 and the Jeans mass decreases as
a−3/4. The Jeans length and the Jeans mass represent
the minimum diameter and the minimum mass of a fluc-
tuation that can collapse at a given epoch.18 Eliminating
the density between Eqs. (124) and (126), we obtain
MJλJ =
pi4
6
~2
Gm2
. (129)
As noted in [67], this relation is similar to the mass-radius
relation of Newtonian BECDM halos made of noninter-
acting bosons:19
MR = 9.95
~2
Gm2
, (130)
where R represents the radius containing 99% of the mass
[61, 68, 79]. Comparing Eqs. (129) and (130), we find
MJ
λJ
2
= 0.820MR. (131)
This similarity is not obvious. Indeed, the Jeans length
(124) and the Jeans mass (126) are obtained by studying
the linear dynamical instability of an infinite homoge-
neous self-gravitating medium while the mass-radius re-
lation (130) is obtained by solving the nonlinear equation
of hydrostatic equilibrium for a single DM halo. There-
fore, Eq. (129) applies in the linear regime of structure
formation (when the DM halos start to form), while Eq.
(130) applies in the very nonlinear regime (when the DM
halos are formed). The mass-radius relationships (129)
and (130) are therefore valid in two extremely different
regimes (begining and end of structure formation). It is
therefore intriguing that they have the same scaling and
that they differ only by a numerical factor 1.64 of order
unity. This coincidence may just be a consequence of
dimensional analysis.
Introducing the scales λC , MC , ρC (see Appendix D 2)
and the relativistic parameter χ = (ρ/2ρC)
1/2 (see Ap-
pendix A 1) adapted to the noninteracting limit (see Ap-
pendix F 1), we get
λJ
λC
=
√
2pi
χ1/2
,
MJ
MC
=
√
2pi3
12
χ1/2,
MJ
MC
=
pi4
6
λC
λJ
.
(132)
18 For a classical fluid with an isothermal equation of state (see
Sec. VIII B), we obtain λJ = 2pi(kBT/4piGρm)
1/2 and MJ =
(pi/6)(pikBT/Gmρ
1/3)3/2. Since ρ ∼ a−3 and T ∼ a−1 (temper-
ature of radiation) we find that λJ ∼ a while MJ ∼ 1 remains
constant.
19 This relation can be understood qualitatively by identifying the
halo radius R with the de Broglie wavelength λdB = ~/mv of a
boson with a velocity v ∼ (GM/R)1/2 equal to the virial velocity
of the halo.
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Since χ  1 (i.e. ρ  ρC) in the nonrelativistic limit,
we find that λJ  λC and MJ MC . We note that the
relativistic parameter χ can be expressed in terms of the
Hubble constant as χ = (3/2)1/2H~/mc2.
The preceding results are obtained by taking the non-
interacting limit as → 0 before the nonrelativistic limit
c → +∞. We now consider the case where the nonrela-
tivistic limit c→ +∞ is taken before the noninteracting
limit as → 0.
Introducing the scales λa, Ma, ρa (see Appendix D 4)
and the self-interaction parameter α = (ρ/ρa)
1/2 (see
Appendix A 1) adapted to the nonrelativistic limit (see
Appendix F 4 a), we get
λJ
λa
=
√
2pi
α1/2
,
MJ
Ma
=
√
2pi3
12
α1/2,
MJ
Ma
=
pi4
6
λa
λJ
.
(133)
Since α 1 (i.e. ρ ρa) in the noninteracting limit, we
find that λJ  λa and MJ Ma.
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
=
2pi√
3
√
χ,
MJ
MH
=
pi3
3
√
3
χ3/2. (134)
Since χ  1 in the nonrelativistic limit, we find that
λJ  λH and MJ  MH . Therefore, large-scale struc-
tures can form in the nonrelativistic regime by Jeans in-
stability since the Jeans length is much smaller than the
horizon.
We now apply these results to ultralight bosons20 and
QCD axions.
2. Ultralight axions
We first consider a noninteracting ULA able to form
giant BECs with the mass and size of DM halos. To
determine its mass m, we assume that the most com-
pact DM halos observed in the Universe, namely dwarf
spheroidals (dSphs) like Fornax (R ∼ 1 kpc, M ∼
108M, ρ ∼ 10−18 g/m3), are pure solitons correspond-
ing to the ground state of the GPP equations.21 The
mass-radius relation (130) then gives a boson mass m =
2.92 × 10−22 eV/c2 (see Appendix D of [151]). We note
that, inversely, the knowledge of the DM particle mass m
does not determine M and R individually, but only their
20 Ultralight bosons are sometimes called ultralight axions (ULAs)
to distinguishe them from QCD axions.
21 As explained in more detail in Appendix D of [151] and in [203],
large halos have a core-halo structure with a solitonic core and a
Navarro-Frenk-White (NFW) atmosphere. The core corresponds
to the ground state of the GPP equations and the NFW atmo-
sphere may be the result of violent relaxation [204], gravitational
cooling [205] or hierarchical clustering. The precise structure of
the atmosphere may be influenced by incomplete violent relax-
ation, tidal effects, stochastic forcing etc.
product MR. The individual determination of M and R
depends on the epoch (time, scale factor, or redshift) and
can be obtained from the Jeans study. Let us apply this
study at the epoch of radiation-matter equality. For a bo-
son mass m = 2.92×10−22 eV/c2, we find that the dimen-
sionless relativistic parameter defined by Eq. (A3) is χ =
6.12 × 10−7. The smallness of this value shows that we
are in the nonrelativistic limit (the transition between the
ultrarelativistic limit and the nonrelativistic limit takes
place at ρC = 0.118 g/m
3  ρeq = 8.77 × 10−14 g/m3).
To evaluate the Jeans length and the Jeans mass at the
epoch of radiation-matter equality we use Eqs. (124) and
(126) and obtain λJ = 125 pc and MJ = 1.31× 109M.
In comparison, λH = 4.40×104 pc, MH = 4.59×1017M,
λC = 2.20× 10−2 pc and MC = 4.59× 1011M. The rel-
ativistic corrections are negligible since χ 1. We note
that the Jeans length λJ at the begining of the struc-
ture formation process (radiation-matter equality epoch)
is one order of magnitude smaller than the current radius
R of dwarf DM halos like Fornax and the Jeans mass MJ
is one order of magnitude larger than their current mass
M . This suggests that the system loses mass during the
nonlinear process of halo formation and increases in size.
This explains why the current density of the dwarf DM
halos ρ ∼ 10−18 g/m3 is five orders of magnitude smaller
than the background density at the epoch of radiation-
matter equality ρeq = 8.77 × 10−14 g/m3. We also note
that the comoving Jeans length λcJ defined by Eq. (122)
is, at the epoch of radiation-matter equality, equal to
λcJ = 0.424 Mpc.
To evaluate the maximum growth rate at the epoch of
radiation-matter equality, we can use the nonrelativistic
result of Eq. (35). We obtain σmax = 2.71 × 10−13 s−1
corresponding to a characteristic time σ−1max = 3.69 ×
1012 s = 1.17 × 105 yrs. The relativistic corrections are
negligible since χ 1. By contrast, in order to determine
the most unstable wavelength λ∗, we need to take into
account relativistic corrections even though χ  1. In-
deed, in the Newtonian approximation (χ = 0), the most
unstable wavelength is infinite (k∗ = 0 or λ∗ → +∞).
However, when relativistic corrections are taken into ac-
count, we find that the maximum growth rate has a finite
value.22 When χ→ 0, we get (see Appendix B 2):
λ∗
λJ
∼ 1
Aχ1/6
, (135)
where A = 0.953184... For χ = 6.12 × 10−7, we ob-
tain λ∗ = 11.4λJ = 1.43 kpc. Therefore, the maximum
growth rate is reached at a length λ∗ equal to about ten
times the Jeans length λJ .
23 This is an interesting result
22 We note, in contrast, that the simplified model of Sec. IV gives
λ∗ → +∞ like the nonrelativistic model of Sec. III.
23 Since χ = 6.12× 10−7 is very small, it may seem surprising that
λ∗ has a relatively small value (∼ 10λJ ) while λ∗ → +∞ as
χ→ 0. The reason is that λ∗ diverges as χ−1/6, where 1/6 is a
23
because this length is precisely of the order of the size
of dwarf DM halos like Fornax. In Fig. 18, we plot the
growth rate σ = (−ω2−)1/2 of the perturbation as a func-
tion of the wavelength λ = 2pi/k for a relativistic param-
eter χ = 6.12×10−7 using the normalization of Appendix
A 1. For such a small value of χ, this figure displays a
plateau starting at about 10λJ and ending at about λH .
Below the Jeans length λJ = 125 pc there is no instabil-
ity and above the Hubble length λH = 4.40× 104 pc the
growth rate σ(λ) substantially decreases because of gen-
eral relativity (see the Remark at the end of Sec. V A).
Therefore, the Jeans instability can take place, with al-
most the same growth rate ∼ σmax = 2.71 × 10−13 s−1,
in the range 10λJ ≤ λ ≤ λH . By comparison, in the
nonrelativistic model (χ = 0), the maximum growth rate
corresponds to λ∗ =∞ and the plateau extends to infin-
ity. As a result, there is no upper limit on the size of the
clusters that can undergo Jeans’ instability. Therefore,
our relativistic treatment solves one of the problems of
the classical Jeans theory discussed in the Introduction.
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FIG. 18: Growth rate Σ = (−Ω2−)1/2 of the perturba-
tions in the noninteracting limit (as = 0) as a function of
the wavelength λ/λ0 = 2pi/κ for the relativistic parameter
χ = 6.12 × 10−7. In the weakly relativistic regime (χ  1),
the Jeans length λJ is much smaller than the Hubble length
λH . The growth rate shows a plateau with typical value Σmax
in the range 10λJ ≤ λ ≤ λH . Therefore, structures can form
through Jeans instability in this range of scales with almost
the same growth rate. The Newtonian case is shown as a
dashed line for comparison. In that case, the plateau extends
to infinity.
Remark: If we compute the Jeans length and the Jeans
mass at the present epoch, we find χ = 3.10 × 10−12,
λJ = 55.5 kpc, MJ = 2.95× 106M and λ∗ = 86.9λJ =
4.82 × 103 kpc. In comparison λH = 8.69 × 106 kpc,
small exponent. This is why the value of λ∗ is relatively small
for χ = 6.12 × 10−7, and why relativistic effects are important
to determine this quantity, while they can be safely neglected to
compute other quantities such as λJ , MJ , σmax etc.
MH = 9.06 × 1022M, λC = 2.20 × 10−5 kpc, and
MC = 4.59 × 1011M. For ULAs with a mass m =
2.92 × 10−22 eV/c2, the Jeans length is of the order of
the galactic size. Therefore, ULAs can form DM halos of
relevant size.
3. QCD axions
We now consider QCD axions with mass m =
10−4 eV/c2 and scattering length as = −5.8 × 10−53 m.
In the nonrelativistic regime, the axions can be de-
scribed by a complex SF governed by the GPP equations.
We apply the Jeans study at the epoch of radiation-
matter equality. The dimensionless self-interaction pa-
rameter defined by Eq. (A4) is α = 7.82 × 10−10. The
smallness of this value shows that we are in the non-
interacting limit (the transition between the nongravi-
tational limit and the noninteracting limit takes place
at ρa = 1.44 × 105 g/m3  ρeq = 8.77 × 10−14 g/m3).
Therefore, we can neglect the self-interaction of the ax-
ions and take as = 0.
24 On the other hand, we find that
the dimensionless relativistic parameter has a small value
χ = 1.79× 10−24  1 so that we are in the nonrelativis-
tic regime (the transition between the ultrarelativistic
limit and the nonrelativistic limit takes place at ρC =
1.38 × 1034 g/m3  ρeq = 8.77 × 10−14 g/m3). We then
obtain λJ = 2.13 × 10−7 pc = 9.45R = 6.57 × 109m,
MJ = 6.53 × 10−18M = 1.30 × 1013kg, σmax = 2.71 ×
10−13s−1, and λ∗ = 9.52 × 103 λJ = 2.03 × 10−3 pc. In
comparison, λH = 4.40× 104 pc, MH = 4.59× 1017M,
λC = 6.41 × 10−20 pc, MC = 1.33 × 10−6M, λa =
1.34×10−12 pc, and Ma = 6.38×10−14M. We note that
the Jeans length and the Jeans mass are much smaller
than the typical size and mass of DM halos. As a re-
sult, QCD axions behave essentially as CDM and cannot
solve the CDM crisis. They may form mini axion stars
[72] that could be the constituents of DM halos (in the
form of mini-MACHOs), but they cannot form DM ha-
los. As a result, QCD axions (or mini axion stars) can
be regarded as possible CDM particle candidates. We
also note that the comoving Jeans length at the epoch of
radiation-matter equality is λcJ = 7.22× 10−4 pc.
Remark: If we compute the Jeans length and the Jeans
mass at the present epoch, we find α = 3.96 × 10−15,
χ = 9.05× 10−30, λJ = 9.46× 10−5 pc = 19.5 AU, MJ =
1.46 × 10−20M, and λ∗ = 7.27 × 104λJ = 6.88 pc. In
comparison λH = 8.69 × 109 pc, MH = 9.06 × 1022M,
24 This approximation is valid in the linear regime of structure for-
mation when considering the growth of perturbations in a ho-
mogeneous Universe (Jeans problem). In the nonlinear regime
of structure formation (equilibrium states = DM halos) the
attractive self-interaction of the QCD axions must be taken
into account and leads to mini axion stars with a maximum
mass Mmax = 6.5 × 10−14M and a minimum radius R∗ =
3.3× 10−4R = 230 km [77].
24
λC = 6.41 × 10−20 pc, MC = 1.33 × 10−6M, λa =
1.34 × 10−12 pc, and Ma = 6.38 × 10−14M. For QCD
axions the Jeans length is of the order of the Solar System
size and the Jeans mass is of the order of the asteroid
mass. Therefore, on all scales relevant in cosmology, the
QCD axion fluid can be treated as a pressureless fluid
equivalent to CDM.
D. The TF limit
1. The Jeans scales
In this section, we consider a SF with a repulsive self-
interaction (as > 0) in the TF limit ~ → 0 and in the
nonrelativistic limit c→ +∞. The Jeans wavenumber is
given by Eq. (40) where the velocity of sound is given by
Eq. (21). The Jeans length λJ = 2pi/kJ is
λJ = 2pi
(
as~2
Gm3
)1/2
. (136)
We note that the Jeans length is independent of the den-
sity. The associated Jeans mass from Eq. (125) is
MJ =
1
6
piρ
(
4pi2as~2
Gm3
)3/2
. (137)
Introducing relevant scales, we get
λJ
pc
= 34.9
( as
fm
)1/2(eV/c2
m
)3/2
, (138)
MJ
M
= 3.30× 1020
( as
fm
)3/2(eV/c2
m
)9/2
ρ
g/m3
. (139)
In the matter era, using Eq. (120), we find that the Jeans
length is constant while the Jeans mass decreases as a−3.
As noted in [67], the relation of Eq. (136) is similar to
the relation25
R = pi
(
as~2
Gm3
)1/2
(140)
determining the radius of a self-interacting DM halo in
the TF approximation [67, 82, 89, 97, 99]. Comparing
Eqs. (136) and (140), we find that
λJ
2
= R. (141)
As before, this coincidence is essentially a consequence of
dimensional analysis.
25 This is the radius of a polytrope of index n = 1 corresponding
to the equation of state (20).
Introducing the scales λR, MR, ρR (see Appendix D 3)
and the relativistic parameter ν = 2ρ/3ρR (see Appendix
A 2) adapted to the TF limit (see Appendix F 2), we get
λJ
λR
= 2pi,
MJ
MR
=
pi3
3
ν. (142)
Since ν  1 (i.e. ρ ρR) in the nonrelativistic limit, we
find that λJ ∼ λR and MJ MR.
The preceding results are obtained by taking the TF
limit ~ → 0 before the nonrelativistic limit c → +∞.
We now consider the case where the nonrelativistic limit
c→ +∞ is taken before the TF limit ~→ 0.
Introducing the scales λa and Ma (see Appendix D 4)
and the self-interaction parameter α = (ρ/ρa)
1/2 (see
Appendix A 1) adapted to the nonrelativistic limit (see
Appendix F 4 a), we get
λJ
λa
= 2pi,
MJ
Ma
=
pi3
3
α2. (143)
Since α  1 (i.e. ρ  ρa) in the TF limit, we find that
λJ ∼ λa and MJ Ma.
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
=
2
√
2pi√
3
ν1/2,
MJ
MH
=
1
8
(
8
3
)3/2
pi3ν3/2. (144)
Since ν  1 in the nonrelativistic limit, we find that
λJ  λH and MJ  MH . Therefore, large-scale struc-
tures can form in the nonrelativistic regime by Jeans in-
stability since the Jeans length is much smaller than the
horizon.
We now apply these results to self-interacting bosons.
2. Self-interacting bosons
We consider a self-interacting boson able to form gi-
ant BECs with the mass and size of DM halos. To de-
termine the ratio as/m
3, we use the same argument as
in Sec. VIII C 2. We assume that dSphs like Fornax
(R ∼ 1 kpc, M ∼ 108M, ρ ∼ 10−18 g/m3) are purely
solitonic, corresponding to the ground state of the GPP
equations. In the TF limit, the relation from Eq. (140)
gives as/m
3 = 3.28 × 103 fm/(eV/c2)3 (see Appendix
D of [151]). Other arguments developed in [127] and
in Appendix D of [151] can be used to put constraints
on the individual values of as and m. We shall con-
sider two models (see Appendix D of [151]) correspond-
ing to (m, as) = (1.10× 10−3 eV/c2, 4.41× 10−6 fm) and
(m, as) = (3 × 10−21 eV/c2, 1.11 × 10−58 fm). We note
that the knowledge of the DM particle mass m and scat-
tering length as only determines the radius R of the halo
(through the ratio as/m
3), not its mass M . The indi-
vidual determination of M and R depends on the epoch
(time, scale factor, or redshift) and can be obtained from
the Jeans study. Let us apply this study at the epoch of
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radiation-matter equality. For the two models considered
above, the values of the dimensionless self-interaction pa-
rameter defined by Eq. (A4) are α = 4.91 × 1020 and
α = 1.66×103 respectively. The greatness of these values
shows that we are in the TF limit (the transition between
the TF limit and the noninteracting limit takes place at
ρa = 3.64× 10−55 g/m3  ρeq = 8.77× 10−14 g/m3 and
ρa = 3.18 × 10−20 g/m3  ρeq = 8.77 × 10−14 g/m3 re-
spectively). On the other hand, for a boson with ratio
as/m
3 = 3.28 × 103 fm/(eV/c2)3, we find that the di-
mensionless relativistic parameter defined by Eq. (A8)
is ν = 7.88 × 10−5. The smallness of this value shows
that we are in the nonrelativistic limit (the transition
between the ultrarelativistic limit and the nonrelativistic
limit takes place at ρR = 7.41 × 10−10 g/m3  ρeq =
8.77 × 10−14 g/m3). To evaluate the Jeans length and
the Jeans mass at the epoch of radiation-matter equal-
ity we use Eqs. (136) and (137) and obtain λJ =
2.00 kpc and MJ = 5.44 × 1012M. In comparison,
λH = 4.40× 104 pc, MH = 4.59× 1017M, λa = 318 pc,
Ma = 2.21 × 10−30M (model I), Ma = 2.66 × 105M
(model II), λR = 318 pc, and MR = 6.68×1015M. The
relativistic corrections are negligible since ν  1. We
note that the Jeans length λJ at the begining of the struc-
ture formation process (radiation-matter equality epoch)
is of the same order as the current radius R of dwarf DM
halos like Fornax (as a consequence of Eq. (141)). By
contrast, the Jeans mass MJ is four orders of magnitude
larger than their current mass M . This suggests that the
system loses mass during the nonlinear process of halo
formation but keeps the same size. This explains why the
current density of dwarf DM halos is much smaller than
the background density at the epoch of radiation-matter
equality. We also note that the comoving Jeans length at
the epoch of radiation-matter equality is λcJ = 6.78 Mpc.
To evaluate the maximum growth rate at the epoch of
radiation-matter equality, we can use the nonrelativistic
result of Eq. (35). We obtain σmax = 2.71 × 10−13 s−1
corresponding to a characteristic time σ−1max = 3.69 ×
1012 s = 1.17 × 105 yrs. The relativistic corrections are
negligible since ν  1. However, in order to determine
the most unstable wavelength λ∗, we need to take into
account relativistic corrections even though ν  1 (for
the same reason as that given in Sec. VIII C 2). When
ν → 0, we get (see Appendix C 2):
λ∗
λJ
∼ 1
(3ν)1/4
. (145)
For ν = 7.88× 10−5, we obtain λ∗ = 8.06λJ = 16.1 kpc.
Therefore, the maximum growth rate is reached at a
length λ∗ equal to about ten times the Jeans length λJ .
In Fig. 19, we have plotted the growth rate σ of the per-
turbation as a function of the wavelength λ = 2pi/k for a
relativistic parameter ν = 7.88× 10−5 using the normal-
ization of Appendix A 2. The conclusions are essentially
the same as those reached in Sec. VIII C 2.
Remark: If we compute the Jeans length and the Jeans
mass at the present epoch, we find ν = 2.02×10−15, λJ =
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FIG. 19: Growth rate Σ =
√−Ω2 of the perturbations in the
TF limit (~→ 0) as a function of the wavelength λ/λ0 = 2pi/κ
for the relativistic parameter ν = 7.88×10−5 (solid line). The
Newtonian case is shown for comparison (dashed line). The
interpretation is the same as in Fig. 18 but the plateau is less
developed in the present case because λJ is closer to λH .
2.00 kpc, MJ = 1.39× 102M and λ∗ = 3.58× 103λJ =
7.17×103 kpc. In comparison λH = 8.69×106 kpc, MH =
9.06 × 1022M, λa = 318 pc, Ma = 2.21 × 10−30M
(model I), Ma = 2.66× 105M (model II), λR = 318 pc,
and MR = 6.68 × 1015M. For self-interacting bosons,
the Jeans length is of the order of the galactic size. How-
ever, we find that the Jeans mass is considerably smaller
than the mass of DM halos. This suggests that the linear
Jeans analysis may not be applicable at the present epoch
which corresponds to a very nonlinear regime. For the
two models considered above, the values of the dimen-
sionless self-interaction parameter defined by Eq. (A4)
are α = 2.49 × 1015 and α = 8.42 × 10−3 respectively.
This shows that, at the present epoch, the TF limit is
clearly valid for model I while it is not valid for model
II. This is consistent with the remark made in Appendix
D of [151] according to which the second model, when
applied to a DM halo (equilibrium state) obtained in the
nonlinear regime of structure formation, is close to the
transition between the noninteracting limit and the TF
limit. Therefore, a nonperturbative calculation similar to
the one performed in [68], taking into account both the
self-interaction and the quantum potential, is necessary
in that case.
E. The nongravitational limit
1. The Jeans scales
In this section, we consider a SF with an attractive self-
interaction (as < 0) in the nongravitational limit (G = 0)
26
and in the nonrelativistic limit c→ +∞.26 According to
Eq. (82), the Jeans length λJ = 2pi/kJ is given by
λJ = 2pi
(
m
16pi|as|ρ
)1/2
. (146)
The associated Jeans mass from Eq. (125) is
MJ =
pi
6
1
ρ1/2
(
pim
4|as|
)3/2
. (147)
Introducing relevant scales, we get
λJ
pc
= 3.83× 10−26
(
fm
|as|
)1/2(
m
eV/c2
)1/2(
g/m3
ρ
)1/2
,
(148)
MJ
M
= 4.36×10−61
(
fm
|as|
)3/2(
m
eV/c2
)3/2(
g/m3
ρ
)1/2
.
(149)
In the matter era, using Eq. (120), we find that the
Jeans length and the Jeans mass both increase as a3/2.
Eliminating the density between Eqs. (146) and (147),
we obtain
MJ =
pi2
24
m
|as|λJ . (150)
As noted in [67], this relation is similar to the mass-radius
relation of a nongravitational BEC with an attractive
self-interaction [68]:
M = 0.275
m
|as|R, (151)
where R represents the radius containing 99% of the
mass. We have
M
R
= 0.334
MJ
λJ/2
. (152)
We recall, however, that the equilibrium states of a non-
gravitational BEC with an attractive self-interaction are
unstable (see [67] for detail). Therefore, only the rela-
tions (146)-(150) obtained from the linear Jeans analysis
make sense. They determine the onset of collapse of a ho-
mogeneous distribution of BECs due to their attractive
self-interaction. Their evolution in the nonlinear regime
(collapse) requires a specific analysis [72–77].
Introducing the scales λi, Mi, ρi (see Appendix D 5)
and the relativistic parameter ν = ρ/3ρi (see Appendix
A 2) adapted to the nongravitational limit (see Appendix
F 3), we obtain
λJ
λi
= pi
1
ν1/2
,
MJ
Mi
=
pi3
24
1
ν1/2
,
MJ
Mi
=
pi2
24
λJ
λi
. (153)
26 The case of a nonrelativistic self-gravitating SF with an attrac-
tive self-interaction is treated in [67].
Since ν  1 (i.e. ρ ρi) in the nonrelativistic limit, we
find that λJ  λi and MJ Mi.
The preceding results are obtained by taking the non-
gravitational limit G→ 0 before the nonrelativistic limit
c → +∞. We now consider the case where the nonrel-
ativistic limit c → +∞ is taken before the nongravita-
tional limit G→ 0.
Introducing the scales λa, Ma, ρa (see Appendix D 4)
and the self-interaction parameter α = (ρ/ρa)
1/2 (see
Appendix A 1) adapted to the nonrelativistic limit (see
Appendix F 4 b), we get
λJ
λa
=
pi
α
,
MJ
Ma
=
pi3
24α
,
MJ
Ma
=
pi2
24
λJ
λa
. (154)
Since α  1 (i.e. ρ  ρa) in the nongravitational limit,
we find that λJ  λa and MJ Ma.
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
=
pi√
2σ
,
MJ
MH
=
pi3
16
√
2
1
σ3/2
(155)
Since σ  1 in the nongravitational limit, we find that
λJ  λH and MJ  MH . Therefore, large-scale struc-
tures can form in the nonrelativistic regime since the
Jeans length is much smaller than the horizon. We
stress that this instability is due to the attractive self-
interaction of the bosons (as < 0), not to self-gravity.
We now apply these results to ultralight bosons with
attractive self-interaction (ULAs).
2. Ultralight axions
We consider ULAs with mass m = 2.19× 10−22 eV/c2
and negative scattering length as = −1.11×10−62 fm cor-
responding to a ratio |as|/m3 = 1.06× 103 fm/(eV/c2)3.
As shown in Appendix D of [151] (see also [72]), these
ULAs can form giant BECs whose maximum mass and
corresponding radius are of the order of the mass and ra-
dius of dSphs like Fornax (R ∼ 1 kpc, M ∼ 108M, ρ ∼
10−18 g/m3). At the epoch of radiation-matter equality,
the value of the dimensionless self-interaction parameter
defined by Eq. (A4) is α = 31.2 so that we are in the non-
gravitational limit (the transition between the nongravi-
tational limit and the noninteracting limit takes place at
ρa = 9.02 × 10−17 g/m3  ρeq = 8.77 × 10−14 g/m3).27
On the other hand, we find that the dimensionless rela-
tivistic parameter defined by Eq. (A8) is ν = 2.54×10−5.
27 This approximation is valid in the linear regime of structure for-
mation when considering the growth of perturbations in a ho-
mogeneous Universe (Jeans problem). In the nonlinear regime of
structure formation (equilibrium states = DM halos) self-gravity
must be taken into account and leads to axionic clusters, be-
ing possibly the cores of large DM halos, with a maximum mass
Mmax = 108M and a minimum radius R∗ = 1 kpc [77].
27
The smallness of this value shows that we are in the non-
relativistic limit (the transition between the ultrarela-
tivistic limit and the nonrelativistic limit takes place at
ρi = 1.15 × 10−9 g/m3  ρeq = 8.77 × 10−14 g/m3).
Using Eqs. (146) and (147), we obtain λJ = 18.2 pc
and MJ = 4.08 × 106M. The most unstable wave-
length and the maximum growth rate (see Sec. VI)
are λ∗ = 25.7 pc and σmax = 8.46 × 10−12 s−1. In
comparison λi = 2.92 × 10−2 pc, Mi = 1.59 × 104M,
λa = 181 pc, Ma = 9.86 × 107M, λH = 4.40 × 104 pc,
and MH = 4.59 × 1017M. These results are illus-
trated in Fig. 20. We also note that the comoving
Jeans length at the epoch of radiation-matter equality is
λcJ = 61.7 kpc. We note that the Jeans length λJ and the
Jeans mass MJ at the begining of the structure formation
process (radiation-matter equality epoch) are two orders
of magnitude smaller than the current radius R and mass
M of dwarf DM halos like Fornax. This suggests that the
system gains mass and increases in size during the non-
linear process of halo formation. This could be achieved
through hierarchical clustering.
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FIG. 20: Growth rate σ = (−ω2)1/2 of the perturbations for
nonrelativistic self-attracting bosons (as < 0) in the nongrav-
itational limit (G = 0) as a function of the wavelength λ (see
Eq. (83)). The growth rate is normalized by the maximum
growth rate σmax and the wavelength by the Jeans length λJ .
The instability is relatively peaked about the most unstable
wavelength λ∗ =
√
2λJ . Therefore, structures can form with
a typical size ∼ λ∗.
Remark: At the present epoch, we find that α = 1.58×
10−4 (corresponding to ρ0 = 2.25 × 10−24 g/m3  ρa =
9.02× 10−17 g/m3) and ν = 6.53× 10−16 (corresponding
to ρi = 1.15 × 10−9 g/m3  ρ0 = 2.25 × 10−24 g/m3),
so that we are in the noninteracting and nonrelativistic
limit of Sec. VIII C.
IX. JEANS TYPE INSTABILITY OF
FERMIONIC DARK MATTER
In the preceding sections, we have considered the Jeans
instability of a completely condensed self-gravitating rel-
ativistic boson gas at T = 0. In this section, to make
a comparison, we consider the same problem for a com-
pletely degenerate self-gravitating relativistic fermion gas
at T = 0. In the case of BECs, gravitational collapse is
prevented by the Heisenberg uncertainty principle or by
the self-repulsion of the bosons (when as > 0). In the
case of fermions, gravitational collapse is prevented by
the Pauli exclusion principle (like in the case of white
dwarfs and neutron stars).
A. The ultrarelativistic limit
In the ultrarelativistic limit, a gas of fermions with spin
s = 1/2 has an equation of state [206]:
P =
1
8
(
3
pi
)1/3
hc
m4/3
ρ4/3, (156)
where ρ = nm is the rest-mass density. This corresponds
to a polytrope of index n = 3. Expressed in terms of the
energy density [206]:
 =
3
8
(
3
pi
)1/3
hc
m4/3
ρ4/3, (157)
we obtain
P =
1
3
. (158)
Since the equation of state of ultrarelativistic fermions
is the same as radiation our results will be identical to
those obtained in Sec. VII C for ultrarelativistic bosons.
Using the results of Appendix E, we find that the Jeans
wavenumber and the Jeans length are given by
k2J =
16piG
c4
, λJ = 2pi
(
c4
16piG
)1/2
. (159)
Expressing the energy density in terms of the rest-mass
density from Eq. (157), we obtain
λJ =
1√
3
(pi
3
)1/6( c3
G~
)1/2(
m
ρ
)2/3
. (160)
Using Eq. (159), the Jeans mass (93) is given by
MJ =
pi5/2
48
c4
G3/21/2
. (161)
It can also be written as
MJ =
pi2
24
√
3
(pi
3
)1/6( c7
~G3
)1/2(
m
ρ
)2/3
. (162)
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Eliminating the energy density between Eqs. (159) and
(161), we get
MJ =
pi2
24
c2λJ
G
. (163)
This relation is similar to the mass-radius relation of a
general relativistic star with a linear equation of state
P = /3 confined within a box [200]. In the present
case, this agreement can be explained by the fact that
the equation of state of an ultrarelativistic Fermi gas is
P = /3 (like radiation). Comparing Eq. (96) with q =
1/3 and Eq. (163), we obtain
MJ
λJ/2
= 3.84
M
R
. (164)
Introducing the scales λF , MF , ρF (see Appendix D 7)
and the relativistic parameter µ = (ρ/ρF )
2/3 appropriate
to fermions (see Appendix F 6 a), we obtain
λJ
λF
=
1√
3
(pi
3
)1/6 1
µ
,
MJ
MF
=
pi2
24
√
3
(pi
3
)1/6 1
µ
,
(165)
MJ
MF
=
pi2
24
λJ
λF
. (166)
Since µ  1 (i.e. ρ  ρF ) in the ultrarelativistic limit,
we find that λJ  λF and MJ MF .
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
=
2pi√
6
,
MJ
MH
=
1
8
(
2
3
)3/2
pi3. (167)
We note that λJ ∼ λH and MJ ∼ MH . Since the Jeans
length is of the order of the Hubble length (horizon),
there is no Jeans instability. Therefore, large-scale struc-
tures cannot form in the ultrarelativistic limit.
Remark: The previous results are based on a general
relativistic treatment. If we use a Newtonian treatment,
we find from Eqs. (2) and (156) that the Jeans length is
given by
λJ =
√
pi
6
(
3
pi
)1/6(
hc
G
)1/2
1
m2/3ρ1/3
. (168)
The corresponding Jeans mass, defined by Eq. (125), is
MJ =
pi2
6
√
72
(
hc
G
)3/2
1
m2
. (169)
This relation is similar to the Chandrasekhar mass of
Newtonian ultrarelativistic self-gravitating fermions28
M = 0.376
(
hc
G
)3/2
1
m2
. (170)
28 This is the mass of a polytrope of index n = 3 corresponding to
the equation of state (156) [206].
Comparing Eqs. (169) and (170), we find that
MJ = 0.516M. (171)
Introducing the scales λF , MF , ρF (see Appendix D 7)
and the relativistic parameter µ = (ρ/ρF )
2/3 appropriate
to fermions (see Appendix F 6 b), we get
λJ
λF
=
pi5/6
31/3
√
µ
,
MJ
MF
=
pi7/2
18
. (172)
Since µ  1 (i.e. ρ  ρF ) in the ultrarelativistic limit,
we find that λJ  λF and MJ ∼ MF . We shall not
discuss the Hubble length here because the Newtonian
treatment is not valid in the ultrarelativistic limit.
B. The nonrelativistic limit
In the nonrelativistic limit, a gas of fermions with spin
s = 1/2 has an equation of state [206]:
P =
1
20
(
3
pi
)2/3
h2
m8/3
ρ5/3, (173)
where ρ = nm is the rest-mass density. This corresponds
to a polytrope of index n = 3/2. Using Eq. (2), the
Jeans length is given by
λJ =
1
2
(pi
3
)1/6 h
G1/2m4/3ρ1/6
. (174)
The associated Jeans mass, defined by Eq. (125), is
MJ =
1
16
(pi
3
)3/2 h3ρ1/2
G3/2m4
. (175)
Introducing relevant scales, we get
λJ
pc
= 1.94× 103
(
eV/c2
m
)4/3(
g/m3
ρ
)1/6
, (176)
MJ
M
= 5.63× 1025
(
eV/c2
m
)4(
ρ
g/m3
)1/2
. (177)
In the matter era, using Eq. (120), we find that the Jeans
length increases as a1/2 and the Jeans mass decreases as
a−3/2. Eliminating the density between Eqs. (174) and
(175), we obtain
MJλ
3
J =
pi2
1152
h6
G3m8
. (178)
This relation is similar to the mass-radius relation of non-
relativistic self-gravitating fermions29
MR3 = 1.49× 10−3 h
6
G3m8
. (179)
29 This is the mass-radius relation of a polytrope of index n = 3/2
corresponding to the equation of state (173) [206].
29
Comparing Eqs. (178) and (179), we find that
MJ
(
λJ
2
)3
= 0.719MR3. (180)
Introducing the scales λF , MF , ρF (see Appendix D 7)
and the relativistic parameter µ = (ρ/ρF )
2/3 appropriate
to fermions (see Appendix F 6 b), we get
λJ
λF
= pi
(pi
3
)1/6 1
µ1/4
,
MJ
MF
=
pi3
2
(pi
3
)3/2
µ3/4,
(181)
MJ
MF
=
pi8
18
(
λF
λJ
)3
. (182)
Since µ  1 (i.e. ρ  ρF ) in the nonrelativistic limit,
we find that λJ  λF and MJ MF . We note that the
relativistic parameter µ can be expressed in terms of the
Hubble constant as µ = (3/8pi)2/3(H2~3/Gm4c3)2/3.
Introducing the Hubble scales λH and MH (see Ap-
pendix D 1), we obtain
λJ
λH
= 2
√
2pi
(pi
3
)2/3
µ1/2,
MJ
MH
=
2
√
2
9
pi5µ3/2.
(183)
Since µ  1 in the nonrelativistic limit, we find that
λJ  λH and MJ  MH . Therefore, large-scale struc-
tures can form in the nonrelativistic regime by Jeans in-
stability since the Jeans length is much smaller than the
horizon.
Let us consider a fermionic particle, like a sterile neu-
trino, able to form giant fermion balls with the mass
and size of DM halos. To determine its mass m, we
assume that the most compact DM halos observed in the
Universe, namely dwarf spheroidals (dSphs) like Fornax
(R ∼ 1 kpc, M ∼ 108M, ρ ∼ 10−18 g/m3), are com-
pletely degenerate, corresponding to the ground state of
the self-gravitating Fermi gas.30 The mass-radius rela-
tion (179) then gives a fermion mass m = 170 eV/c2 (see
Appendix D of [151]). We note that, inversely, the knowl-
edge of the DM particle mass m does not determine M
and R individually, but only their product MR3. The
individual determination of M and R depends on the
epoch (time, scale factor, or redshift) and can be obtained
from the Jeans study. Let us apply this study at the
epoch of radiation-matter equality. For a fermion mass
30 As explained in more detail in Refs. [203, 207, 208] and in Ap-
pendix D of Ref. [151], large fermionic halos have a core-halo
structure with a fermion ball surrounded by a NFW atmosphere.
The fermion ball corresponds to the ground state of the self-
gravitating Fermi gas at T = 0 and the NFW atmosphere may
be the result of a violent relaxation [203, 204, 207, 208] or hi-
erarchical clustering. The precise structure of the atmosphere
may be influenced by incomplete violent relaxation, tidal effects,
stochastic forcing etc.
m = 170 eV/c2, we find that the dimensionless relativis-
tic parameter defined by Eq. (D25) is µ = 5.89 × 10−7.
The smallness of this value shows that we are in the non-
relativistic limit (the transition between the ultrarela-
tivistic limit and the nonrelativistic limit takes place at
ρF = 1.94 × 10−4 g/m3  ρeq = 8.77 × 10−14 g/m3).
To evaluate the Jeans length and the Jeans mass at the
epoch of radiation-matter equality we use Eqs. (174) and
(175) and obtain λJ = 309 pc and MJ = 2.00× 1010M.
In comparison, λH = 4.40×104 pc, MH = 4.59×1017M,
λF = 2.70 pc and MF = 5.64 × 1013M. The relativis-
tic corrections are negligible since µ  1.31 We also
note that the comoving Jeans length is, at the epoch of
radiation-matter equality, equal to λcJ = 1.05 Mpc. The
dicussion is essentially the same as for bosons (see Secs.
VIII C 2 and VIII D 2). Indeed, at a qualitative level,
fermions and bosons behave relatively similarly, as noted
in [207, 208]. The main differences are quantitative: (i)
the mass of the fermionic DM particle is much larger
than its bosonic counterpart; (ii) the solitonic/BEC core
in bosonic DM halos is replaced by a fermion ball in
fermionic DM halos.
Remark: If we compute the Jeans length and the Jeans
mass at the present epoch, we find µ = 5.13 × 10−14,
λJ = 18.0 kpc, MJ = 1.01 × 105M. In comparison
λH = 8.69×106 kpc, MH = 9.06×1022M, λF = 2.70 pc
and MF = 5.64× 1013M.
X. CONCLUSION
The main idea when considering the formation of the
large-scale structures of the Universe is that of gravita-
tional instability. Usually, it is assumed that there exist
small primordial perturbations which gradually increase
in amplitude to form the structures that are being ob-
served at present at the scale of galaxies and galaxy clus-
ters. An overdense region is expected to attract mate-
rial from its surroundings and become even denser. The
denser they become the more they accrete, ending in an
instability which can finally cause the collapse of a fluctu-
ation to a gravitationally bound object. The knowledge
of the Jeans length λJ gives an estimate of the minimum
size of the objects that can form by gravitational insta-
bility.
In this paper, we have studied in detail the Jeans in-
stability of a complex self-interacting SF in general rela-
tivity. This study is rather academic since the expansion
of the Universe is neglected but it remains fundamentally
interesting and important. In particular, it allows us to
isolate characteristic length, mass and density scales that
31 In this section, we have used Newtonian gravity. If we want
to describe the stabilization of the system at the Hubble scale
(similarly to the case of bosons), we must extend our results to
the context of general relativity.
30
play a crucial role in any treatment of perturbations and
structure formation in cosmology. This study was initi-
ated in the seminal work of Khlopov et al. [157] but our
study goes beyond certain approximations made by these
authors and completes their work.
Our approach is rather original with respect to other
works on SFs. Indeed, instead of solving the field equa-
tions as usually done, we have used a hydrodynamic rep-
resentation of the KGE equations introduced in our pre-
vious work [132]. We stress that for a complex SF this
hydrodynamic representation is exact in the sense that
the hydrodynamic equations are equivalent to the KGE
equations.32 This hydrodynamic approach allows us to
treat the problem of structure formation on the same
footing as the original Jeans study for a classical self-
gravitating collisional gas [2]. Our approach is, however,
much more general since it includes quantum mechanics
(~) and relativity (c) in addition to self-gravity (G) and
pressure due to the self-interaction (as).
In this paper, we have studied the general dispersion
relation ω(k) of a relativistic and quantum fluid obtained
in [132] and deduced from it the Jeans length λJ , the
most unstable wavelength λ∗, and the maximum growth
rate σmax. We have determined how the Jeans length and
the Jeans mass vary as a function of the density of the
Universe (the density of the Universe, as well as the scale
factor or the redshift, can be considered as a measure of
time in the cosmic history of the SF). This allowed us
to analyze the cosmological evolution of the Jeans scales.
We have stressed the analogy, previously noticed in [67],
between the Jeans mass-radius relation MJ(λJ) in the
linear regime of structure formation and the mass-radius
relation M(R) of boson stars and dark matter halos in
the nonlinear regime of structure formation (this anal-
ogy will be further developed in a future work [209]). We
have considered different limits (ultrarelativistic, nonrel-
ativistic, noninteracting, TF, nongravitational) and we
have given precise conditions of validity of these different
limits in terms of dimensionless parameters depending on
the characteristics of the SF (mass and scattering length)
and on the density of the Universe. We have given the
numerical values of the Jeans mass and Jeans length at
the epoch of radiation-matter equality (and at the cur-
rent epoch for comparison) for different types of bosonic
particles (QCD axions, ultralight axions, self-interacting
32 It is important to remark that there is no approximation in our
study of the quantum relativistic Jeans problem. In Ref. [132]
we have written the hydrodynamic equations in a weak field ap-
proximation but since we consider the linear instability of the
SF, this approximation is fully justified at the linear order and is
not a limitation of our study. The resulting linearized equations
are therefore exact. By contrast, our hydrodynamic approach
cannot be extended to the case of a real SF without making
approximations (see Sec. II of [77] for details) so that other ap-
proaches such as those developed by other authors (see footnote
8) are more relevant in that case. Our hydrodynamic approach
is, however, valid for a real SF in the nonrelativistic regime.
bosons...). Our study therefore refines and completes pre-
vious works on the subject.
We have shown that structure formation is impossi-
ble in the early Universe (stiff matter era and radiation-
like era) because the Jeans length is always larger than
the Hubble length (horizon). This corresponds to the
ultrarelativistic limit of our formalism. There is, how-
ever, an exception when the SF has an attractive self-
interaction. In that case, the instability is caused by the
self-interaction, not by the self-gravity which is usually
negligible. If the boson has a mass m = 10−4 eV/c2 and a
negative scattering length as = −5.8×10−53 m (similarly
to the QCD axion), one can form small objects with a size
λJ = 1.07 cm and a mass MJ = 3.41× 10−21M. These
objects, corresponding to a complex SF with an attrac-
tive self-interaction, are the counterparts of the axitons
[57–59] with size Raxiton ∼ 109 m and mass Maxiton ∼
10−12M corresponding to a real SF with an attractive
self-interaction (QCD axion). On the other hand, if the
boson has an ultrasmall mass m = 2.19 × 10−22 eV/c2
and a negative scattering length as = −1.11× 10−62 fm,
one can form big objects (protogalaxies) with a size
λJ = 0.159 pc and a mass MJ = 1.78 × 104M. These
objects could be the germs in the process of galaxy for-
mation. Since these germs appear in the ultrarelativistic
regime, the resulting galaxies would be much older than
what is usually believed, possibly in agreement with cer-
tain recent cosmological observations where large-scale
structures are observed at high redshifts [202].
We have shown that structure formation can take place
in the matter era due to gravitational attraction. This
corresponds to the nonrelativistic limit of our formal-
ism. We have obtained the following results.33 For
QCD axions with a mass m = 10−4 eV/c2 and a scat-
tering length as = −5.8 × 10−53 m we have shown that
the self-interaction can be neglected in the matter era.
The Jeans length is of the order of the Solar System size
and the Jeans mass is of the order of the asteroid mass.
Therefore, at the galactic level, QCD axions behave es-
sentially as CDM and cannot solve the CDM crisis. They
can form mini-MACHOSs (mini axion stars) that could
be the constituents of DM halos, but they cannot form
DM halos themselves. By contrast, for noninteracting
ULAs with m = 2.92 × 10−22 eV/c2, for self-repulsive
bosons with a ratio as/m
3 = 3.28 × 103 fm/(eV/c2)3
that are in the TF regime, and for ULAs with a mass
m = 2.19 × 10−22 eV/c2 and a negative scattering
length as ∼ −1.11 × 10−62 fm (corresponding to a ra-
33 We remain voluntarily qualitative here because the exact values
of the Jeans scales depend on the epoch considered and they
determine only the minimum size of the fluctuations that can
experience gravitational instability in the linear regime, not the
scales of the structures that are formed in the nonlinear regime.
Therefore, we just give orders of magnitude to show how the
Jeans scales depend on the type of bosons. More precise numer-
ical applications are made in the main text.
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tio |as|/m3 = 1.06 × 103 fm/(eV/c2)3) that are in the
nongravitational regime we find that the Jeans length
and the Jeans mass are of the order of the galactic size.
Therefore, they are good candidates to form DM ha-
los. The study of the Jeans instability is not sufficient
to discriminate these different particles but other con-
siderations [127, 151] suggest that axions must be self-
interacting.34
We have shown that, in the matter era, general rela-
tivistic effects become important at very large scales, of
the order of the Hubble length λH , and tend to stabi-
lize the system. Therefore, structure formation can take
place for λJ ≤ λ ≤ λH . Below the Jeans length there is
no instability because gravity is too weak and above the
Hubble length the growth rate decreases substantially be-
cause of general relativity. In between, the growth rate
is almost constant, leading to a plateau [10λJ , λH ] where
σ ' σmax. This implies that the optimal wavelength λ∗
is finite. By contrast, in the nonrelativistic model, the
plateau [10λJ ,+∞[ extends to infinity and the optimal
wavelength λ∗ → +∞. Therefore, relativistic effects can
solve some problems of the classical Jeans study, provid-
ing a maximum scale (of the order of the horizon) above
which there is no gravitational instability anymore. Al-
though these results have already been obtained in other
contexts, it is interesting to recover them in a rigorous
manner for a complex SF in a static background. In par-
ticular, our study extends the previous study of Khlopov
et al. [157] where these effects were neglected.
The SF model may have profound cosmological im-
plications. DM is usually described by hydrodynamical
equations without the quantum potential. In the context
of CDM models with vanishing temperature and vanish-
ing pressure, the usual Jeans analysis predicts that all
scales are unstable. Consequently, the Jeans scale λJ is
zero. This is the intrinsic reason why the CDM model
generates cuspy dark matter halo profiles and an abun-
dance of low mass halos. However, these cusps and satel-
lites are not observed [43, 210, 211]. These problems
(small-scale crisis of the CDM model) can be solved if
the DM in the Universe is made up of a SF. In that case,
the wave properties of the dark matter can stabilize grav-
itational collapse, providing halo cores and suppressing
small-scale structures. Indeed, if DM is a SF, there ex-
ists a nonzero Jeans length. Stability below the Jeans
scale is guaranteed by the Heisenberg uncertainty princi-
ple or by the pressure arising from the repulsive interac-
34 Concerning the linear regime of structure formation (Jeans prob-
lem), we have shown that, in the matter era, the self-interaction
of the QCD axion is negligible while the self-interaction of ULAs
is usually important and must be taken into account. In the
nonlinear regime of structure formation (DM halos) the self-
interaction of the QCD axion and of ULAs is always impor-
tant even if it looks extremely small at first sight (see Ap-
pendix L of [77]). The importance of the self-interaction of the
bosons has not always been fully appreciated since many works
[125, 126, 148, 156] neglect it from the start.
tion of the bosons. This non-thermal quantum pressure
stabilizes the system against gravitational collapse. For
wavelengths smaller than the Jeans length, the evolution
cannot bring the small perturbations in the early Uni-
verse to the nonlinear regime, and the inhomogeneities
are erased (they remain oscillating modes). These modes
are expected to induce a cutoff in the mass power spec-
trum for the distribution of galaxies in the Universe. For
wavelengths larger than the Jeans length, the SF follows
the evolution of the standard CDM scenario. Therefore,
the SF and the CDM model differ at small scales while
they are indistinguishable at large scales. Cosmological
simulations are required to determine the viability of the
SF/BECDM model.
The study in this work was motivated by the pro-
posal that DM could be made out of SFs. Still, the
nature of DM remains unknown. There exist other the-
ories according to which DM could be made of massive
neutrinos (see, e.g., [207, 208, 212, 213] and references
therein). In these theories, gravitational collapse is pre-
vented by the Pauli exclusion principle for fermions. We
have made a comparison between the Jeans problem for
fermions and bosons. Qualitatively, the two types of par-
ticles behave similarly and are able to account for the
observations. The main differences between fermionic
and bosonic DM are quantitative. In particular, the
mass of the fermionic DM particle (m = 170 eV/c2) is
much larger than the mass of the bosonic DM particle
(m = 2.92 × 10−22 eV/c2 < m < 1.10 × 10−3 eV/c2) be-
cause the quantum pressure is due to the Pauli exclusion
principle instead of the Heisenberg uncertainty principle
or the repulsive scattering of the bosons (see Appendix D
of [151]). On the other hand, the gravitational collapse of
self-gravitating fermions leads to DM halos with a core-
halo structure made of a “fermion ball” surrounded by
an isothermal (or NFW) atmosphere [207, 208, 212, 213]
while the gravitational collapse of self-gravitating BECs
leads to DM halos with a core-halo structure made of
a solitonic/BEC core surrounded by an isothermal (or
NFW) atmosphere [125, 126, 203]. Since it does not
seem possible at the present stage to make a clear distinc-
tion (from observations) between a fermionic core and a
bosonic core, it is not easy to determine whether DM is
made of bosons or fermions.
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Appendix A: Dimensionless variables
In order to simplify the calculations and make the fig-
ures, it is convenient to introduce dimensionless variables.
Different choices are possible depending on the parame-
ters that we fix to construct the reference scales. We
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present below the two normalizations used in this paper,
but other normalizations are possible.
1. First normalization: G and ~ fixed
We introduce the reference pulsation and the reference
wavenumber
ω0 =
√
4piGρ, k0 =
(
16piGρm2
~2
)1/4
. (A1)
The pulsation ω0 coincides with the inverse dynamical
time and the wavenumber k0 coincides with the quantum
Jeans wavenumber (37) in the nonrelativistic limit. We
define the dimensionless variables
Ω =
ω
ω0
, κ =
k
k0
, (A2)
α =
(
m2c4s
4piGρ~2
)1/2
, χ =
(
4piGρ~2
m2c4
)1/2
. (A3)
We note that αχ = c2s/c
2. We also note that χ = ω0/ωC ,
where ωC = c/λC = mc
2/~ is the Compton pulsation
(λC = ~/mc is the Compton wavelength). In this nor-
malization, G and ~ are used to construct the reference
scales ω0 and k0, so they are assumed to be “fixed”.
Then, the parameter α ∝ c2s measures the speed of sound
(self-interaction) and the parameter χ ∝ 1/c2 measures
the importance of relativistic effects. The noninteracting
limit (cs → 0) corresponds to α → 0 and the nonrela-
tivistic limit (c → +∞) corresponds to χ → 0. For a
quartic SF potential of the form of Eq. (13), using the
expression of the speed of sound given by Eq. (21), we
can write the parameter α as
α =
(
4piρ~2a2s
Gm4
)1/2
. (A4)
Remark: Using this normalization amounts to taking
4piG = ρ = 2m = ~ = 1, α = c2s/2 and χ = 2/c2 in the
original equations.
2. Second normalization: G and cs fixed
We introduce the reference pulsation and the reference
wavenumber
ω0 =
√
4piGρ, k0 =
(
4piGρ
c2s
)1/2
. (A5)
The pulsation ω0 coincides with the inverse dynamical
time and the wavenumber k0 coincides with the classical
Jeans wavenumber (40) in the nonrelativistic limit. We
define the dimensionless variables
Ω =
ω
ω0
, κ =
k
k0
, (A6)
ν =
c2s
c2
,  =
1
α
=
(
4piGρ~2
m2c4s
)1/2
. (A7)
In this normalization, G and cs are used to construct the
reference scales ω0 and k0, so they are assumed to be
“fixed”. Then, the parameter ν ∝ 1/c2 measures the im-
portance of relativistic effects and the parameter  ∝ ~
measures the importance of quantum effects. The non-
relativistic limit (c→ +∞) corresponds to ν → 0 and the
TF limit (~→ 0) corresponds to → 0. For a quartic SF
potential of the form of Eq. (13), using the expression of
the speed of sound given by Eq. (21), we can write the
parameter ν as
ν =
4pi|as|~2ρ
m3c2
. (A8)
Remark: Using this normalisation amounts to taking
4piG = ρ = cs = m = 1, ν = 1/c
2 and  = 1/α = ~ in the
original equations.
Appendix B: Optimal wavenumber and maximum
growth rate in the noninteracting limit
In this Appendix, we determine the most unstable
wavenumber k∗ and the maximum growth rate σmax in
the noninteracting limit (as = 0) for the simplified and
exact relativistic models. We give their asymptotic be-
haviors in the nonrelativistic (c → +∞) and ultrarela-
tivistic (c→ 0) limits.
1. Simplified relativistic model
Using the normalization of Appendix A 1, the disper-
sion relation of Eq. (49) takes the form
1
4
χ2Ω4 − (1 + χκ2)Ω2 + κ4 − 1 = 0. (B1)
Its solutions are given by
Ω2±(κ) =
2
χ2
[
1 + χκ2 ± (1 + 2χκ2 + χ2)1/2
]
. (B2)
The functions Ω2±(κ) are plotted in Figs. 3 and 4.
We first consider the branch (+). The minimum pul-
sation, corresponding to κ∗ = 0, is given by (Ω+)min =
(Ω2+(0))
1/2 with
Ω2+(0) =
2
χ2
(
1 +
√
1 + χ2
)
. (B3)
This function is plotted in Fig. 8. For χ → 0 (nonrela-
tivistic limit):
Ω2+(0) ∼
4
χ2
. (B4)
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For χ→ +∞ (ultrarelativistic limit):
Ω2+(0) ∼
2
χ
. (B5)
We now consider the branch (-). The Jeans wavenum-
ber is given by
κ2J = 1. (B6)
The maximum growth rate, corresponding to κ∗ = 0, is
given by Σmax = (−Ω2−(0))1/2 with
Ω2−(0) =
2
χ2
(
1−
√
1 + χ2
)
. (B7)
This function is plotted in Fig. 11. For χ→ 0 (nonrela-
tivistic limit):
Ω2−(0) ' −1 +
χ2
4
. (B8)
For χ→ +∞ (ultrarelativistic limit):
Ω2−(0) ∼ −
2
χ
. (B9)
2. Exact relativistic model
Using the normalization of Appendix A 1, the disper-
sion relation of Eq. (66) takes the form
1
4
χ2Ω4 −
(
1 + γ
3γ + 1
χκ2 + 1
)
Ω2
+
1
1 + 3γ
[
(1− γ)κ4 − 1] = 0 (B10)
with
γ =
χ
2κ2
. (B11)
The functions Ω2±(κ) are plotted in Figs. 6 and 7.
We first consider the branch (+). The minimum pul-
sation, corresponding to κ = 0, is given by (Ω+)min =
(Ω2+(0))
1/2 with
Ω2+(0) =
4
χ2
. (B12)
This function is plotted in Fig. 8.
We now consider the branch (-). The Jeans wavenum-
ber is
κ2J =
1
4
(
χ+
√
16 + χ2
)
. (B13)
This function is plotted in Fig. 9. For χ → 0 (nonrela-
tivistic limit):
κ2J → 1. (B14)
For χ→ +∞ (ultrarelativistic limit):
κ2J ∼
χ
2
. (B15)
The wavenumber κ∗ corresponding to the maximum
growth rate is obtained from the condition (Ω2)′(κ∗) = 0
where Ω2(κ) is the solution of the second degree equation
(B10). Instead of solving Eq. (B10) for Ω2(κ) and taking
the derivative of this function with respect to κ, we pro-
ceed as follows. We multiply Eq. (B10) by 2κ2(3γ + 1),
differentiate the resulting expression with respect to κ,
and cancel the terms where (Ω2)′(κ) = 0 appear. In this
way we obtain
χ2Ω4 − 2 (4χκ2 + χ2 + 2)Ω2 + 4 (3κ4 − χκ2 − 1) = 0.
(B16)
The most unstable wavenumber κ∗ and the correspond-
ing maximum growth rate Σmax = (−Ω2(κ∗))1/2 are then
determined by Eqs. (B10) and (B16). The functions
κ∗(χ) and Σmax(χ) are plotted in Figs. 10 and 11. Their
asymptotic behaviors for small and large χ can be deter-
mined analytically.
For χ→ 0 (nonrelativistic limit):
κ∗ ∼ Aχ1/6, (B17)
Ω2(κ∗) ' −1 +B χ2/3, (B18)
where the coefficients A and B are determined by the
algebraic equations
−B + 3
2A2
+A4 = 0,
−4B + 12A4 = 0. (B19)
We obtain A = 0.953184... and B = 2.47645....
For χ→∞ (ultrarelativistic limit):
κ∗ ' χ1/2
(
C +
D
χ2
)
, (B20)
Ω2−(κ∗) ' A−
B
χ2
, (B21)
where the coefficients A, B, C and D are determined by
the algebraic equations
3A2 − 4AC2 + 2A2C2 − 4C4 − 8AC4 + 8C6 = 0,
−2A + A2 − 4C2 − 8AC2 + 12C4 = 0,
−AB
2
+
BC2(1 + 2C2)
3 + 2C2
+
2C2(−3− 2C2 − 6CD + 16C3D + 8C5D)
(3 + 2C2)2
− A
[
1 +
2(3CD + 12C3D + 4C5D)
(3 + 2C2)2
]
= 0,
−4 − 4A+ 2B − 2AB + 8BC2 − 8CD − 16ACD
+ 48C3D = 0. (B22)
We obtain A = −0.0717968..., B = 0.464102..., C =
0.481717... and D = 0.898895....
The function −Ω2(κ∗)[χ] starts from 1 at χ = 0, de-
creases and tends to 0.0717968... as χ→ +∞.
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Appendix C: Optimal wavenumber and maximum
growth rate in the TF case
In this Appendix, we determine the most unstable
wavenumber k∗ and the maximum growth rate σmax in
the TF limit (~ → 0) for the simplified and exact rel-
ativistic models. We give their asymptotic behaviors
in the nonrelativistic (c → +∞) and ultrarelativistic
(c→ 0) limits.
1. Simplified relativistic model
Using the normalization of Appendix A 2, the disper-
sion relation of Eq. (54) takes the form
Ω2 =
κ2 − 1− 2ν
1 + 3ν
. (C1)
This function is plotted in Fig. 5. The Jeans wavenumber
is given by
κ2J = 1 + 2ν. (C2)
This function is plotted in Fig. 13. For ν → 0 (nonrela-
tivistic limit):
κ2J → 1. (C3)
For ν → +∞ (ultrarelativistic limit):
κ2J ∼ 2ν. (C4)
The maximum growth rate, corresponding to κ = 0, is
given by Σmax = (−Ω2(0))1/2 with
Ω2(0) = −1 + 2ν
1 + 3ν
. (C5)
This function is plotted in Fig. 15. For ν → 0 (nonrela-
tivistic limit):
Ω2(0) ' −1 + ν. (C6)
For ν → +∞ (ultrarelativistic limit):
Ω2(0) ' −2
3
− 1
9ν
. (C7)
2. Exact relativistic model
Using the normalization of Appendix A 2, the disper-
sion relation of Eq. (72) takes the form
Ω2 =
1
γ
(1 + 2ν)
1
1 + 3γ
ν − (3ν + 1)γ
1 + 3ν
(C8)
with
γ =
ν
κ2
(1 + 2ν). (C9)
This function is plotted in Fig. 12. The Jeans wavenum-
ber is
κ2J = (1 + 2ν)(1 + 3ν). (C10)
This function is plotted in Fig. 13. For ν → 0 (nonrela-
tivistic limit):
κ2J → 1. (C11)
For ν → +∞ (ultrarelativistic limit):
κ2J ∼ 6ν2. (C12)
The maximum growth rate, obtained from the condition
(Ω2)′(κ∗) = 0, corresponds to an optimal wavenumber
κ∗ given by
κ2∗ =
3(3ν + 1)(1 + 2ν)ν
3ν +
√
3ν(6ν + 1)
. (C13)
An equivalent expression is
κ2∗ = 3ν(1 + 2ν)
(√
2 +
1
3ν
− 1
)
. (C14)
The maximum growth rate Σmax =
√−Ω2(κ∗) is then
obtained by substituting Eq. (C13) or Eq. (C14) into
Eq. (C8). The functions κ∗(ν) and Σmax(ν) are plotted
in Figs. 14 and 15.
For ν → 0 (nonrelativistic limit):
κ2∗ ∼
√
3ν, (C15)
Ω2(κ∗) ' −1 + 2
√
3ν + ... (C16)
For ν → +∞ (ultrarelativistic limit):
κ2∗ ∼
6ν2
1 +
√
2
, (C17)
Ω2(κ∗) ∼ 2(2
√
2− 3)ν. (C18)
The function −Ω2(κ∗)[ν] starts from 1 at ν = 0, de-
creases, reaches a minimum value −Ω2(κ∗) ' 0.438 at
ν ' 0.23, increases and tends to +∞ as ν → +∞.
Appendix D: Characteristic scales
In this Appendix, we introduce characteristic length,
mass and density scales that play an important role in the
astrophysical and cosmological applications considered in
this paper (see Secs. VII-IX).
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1. The Hubble scales
We introduce the Hubble length
λH =
c
H
, (D1)
where H = a˙/a is the Hubble constant. The Hubble
length represents the distance travelled by a photon with
velocity c during the Hubble time tH = 1/H which gives
the typical age of the Universe. Therefore, the Hubble
length λH = ctH represents the typical size of the vis-
ible Universe (particle horizon). In a flat Universe, the
Hubble constant is related to the energy density  by the
Friedmann equation [9]:
H2 =
8piG
3c2
. (D2)
We introduce the Hubble massMH = (4/3)pi(/c
2)λ3H . It
represents the typical mass of the visible Universe. Using
Eqs. (D1) and (D2), we get
MH =
c3
2GH
. (D3)
The Hubble length and the Hubble mass can also be writ-
ten in terms of the energy density as
λH =
(
3c4
8piG
)1/2
, MH =
(
3c8
32piG3
)1/2
. (D4)
They are connected to each other by the relation λH =
2GMH/c
2. This relation is similar to the Schwarzschild
radius of a black hole
RS =
2GM
c2
. (D5)
Therefore, the Hubble length and the Hubble mass of
the Universe display the same scaling as a Schwarzschild
black hole (see Appendix F.5 of [72]).
Remark: the current values of the Hubble scales are
H0 = 2.18 × 10−18 s−1, tH = 1/H0 = 14.5 Gyrs, λH =
1.37 × 1026 m, 0/c2 = 8.45 × 10−24 g/m3, and MH =
9.26× 1055 g.
2. The scales associated with noninteracting
relativistic self-gravitating BECs
We introduce the length and mass scales associated
with noninteracting relativistic self-gravitating BECs:
λC =
~
mc
, MC =
~c
Gm
=
M2P
m
, (D6)
where MP = (~c/G)1/2 is the Planck mass. These scales
appear in the works of Kaup [60] and Ruffini and Bonaz-
zola [61] on boson stars. MC is of the order of the maxi-
mum mass of a noninteracting relativistic self-gravitating
BEC and λC , which coincides with the Compton length,
is of the order of the corresponding (minimum) radius.
They are connected to each other by the relativistic scal-
ing MC = c
2λC/G. We also introduce the density scale
ρC =
m2c4
8piG~2
, (D7)
which is of the order of MC/λ
3
C . We note that the rela-
tivistic parameter defined in Appendix A 1 can be written
as
χ =
(
ρ
2ρC
)1/2
. (D8)
The mass-radius relation M(R) (parametrized by
the central energy density 0) of noninteracting self-
gravitating BECs in the context of general relativity is
represented in Fig. 3 of [214]. In the nonrelativistic limit,
the mass-radius relation is given by Eq. (130). The sys-
tem becomes relativistic when its radius R approaches
the Schwarzschild radius RS . This determines the max-
imum mass of a noninteracting boson star above which
there is no equilibrium state. The spiral is made of unsta-
ble equilibrium states. Combining Eqs. (130) and (D5)
we obtain the scalings of Eqs. (D6) and (D7). By nu-
merically solving the KGE equations, one gets the exact
values Mmax = 0.633MC and Rmin = 6.03λC , where R is
the radius containing 95% of the mass [60, 61].
3. The scales associated with self-repulsive
relativistic self-gravitating BECs
We introduce the length and mass scales associated
with relativistic self-gravitating BECs with a repulsive
|ϕ|4 self-interaction (as > 0):
λR =
(
as~2
Gm3
)1/2
, MR =
(
as~2c4
G3m3
)1/2
. (D9)
Introducing the dimensionless self-interaction parameter
(see Appendix B of [151]):
λ
8pi
=
as
λC
=
asmc
~
, (D10)
they can be rewritten as
λR =
√
λ
8pi
MP
m
λC , MR =
√
λ
8pi
M3P
m2
. (D11)
These scales appear in the works of Colpi et al. [62] and
Tkachev [63] on boson stars and in the work of Chavanis
and Harko [64] on neutron stars with a superfluid core
(BEC stars). MR is of the order of the maximum mass of
a relativistic self-gravitating BEC in the TF limit and λR
is of the order of the corresponding (minimum) radius.
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They are connected to each other by the relativistic scal-
ing MR = c
2λR/G. We also introduce the density scale
ρR =
m3c2
6pias~2
, (D12)
which is of the order of MR/λ
3
R. We note that the rela-
tivistic parameter defined in Appendix A 2 can be written
as
ν =
2ρ
3ρR
. (D13)
The mass-radius relation M(R) (parametrized by the
central energy density 0) of self-gravitating BECs with
a repulsive self-interaction in the context of general rela-
tivity is represented in Fig. 9 of [64]. In the nonrelativis-
tic limit, the radius of the system is independent of its
mass and given by Eq. (140). The system becomes rela-
tivistic when its radius R approaches the Schwarzschild
radius RS . This determines the maximum mass of a self-
repulsive boson star above which there is no equilibrium
state. The spiral is made of unstable equilibrium states.
Combining Eqs. (140) and (D5) we obtain the scalings
of Eqs. (D9)-(D12). By numerically solving the KGE
equations [62] or the equivalent hydrodynamic equa-
tions [64], one gets the exact values Mmax = 0.307MR,
Rmin = 1.92λR and (0)max = 1.19ρRc
2.
4. The scales associated with self-interacting
nonrelativistic self-gravitating BECs
We introduce the length and mass scales associated
with nonrelativistic self-gravitating BECs with a |ψ|4
self-interaction:
λa =
( |as|~2
Gm3
)1/2
, Ma =
~√
Gm|as|
. (D14)
These scales appear in the works of Chavanis [67, 68, 72]
on self-gravitating BECs with attractive or repulsive self-
interactions. For a repulsive self-interaction (as > 0),
they determine the transition between the noninteracting
limit and the TF limit. For an attractive self-interaction
(as < 0), Ma is of the order of the maximum mass of a
self-gravitating BEC and λa is of the order of the cor-
responding (minimum) radius. We also introduce the
density scale
ρa =
Gm4
4pi~2a2s
, (D15)
which is of the order of Ma/λ
3
a. We note that the self-
interaction parameter defined in Appendix A 1 can be
written as
α =
(
ρ
ρa
)1/2
. (D16)
The mass-radius relation M(R) (parametrized by the
central density ρ0) of nonrelativistic self-gravitating
BECs with a repulsive self-interaction is represented in
Fig. 4 of [68]. In the noninteracting limit, the mass-
radius relation is given by Eq. (130). In the TF limit,
the radius of the system is independent on its mass and
given by Eq. (140). At the transition, combining Eqs.
(130) and (140), we obtain the scalings of Eqs. (D14)
and (D15).
The mass-radius relation M(R) (parametrized by the
central density ρ0) of nonrelativistic self-gravitating
BECs with an attractive self-interaction is represented
in Fig. 6 of [68]. In the noninteracting limit, the mass-
radius relation is given by Eq. (130). In the nongrav-
itational limit, the mass-radius relation is given by Eq.
(151) but these equilibrium states are unstable. At the
transition, combining Eqs. (130) and (151), we obtain
the scalings of Eqs. (D14) and (D15). They determine
the maximum mass of Newtonian self-attracting boson
stars above which there is no equilibrium state. By nu-
merically solving the GPP equations or the equivalent
hydrodynamic equations [68], one gets the exact values
Mmax = 1.012Ma, Rmin = 5.5λa and (ρ0)max = 0.5ρa.
5. The scales associated with self-attracting
nongravitational BECs
We introduce the length and mass scales associated
with nongravitational BECs with an attractive self-
interaction (as < 0):
λi =
~
mc
, Mi =
~
|as|c . (D17)
These scales appear in Sec. VII D of this paper. They
correspond to the Jeans length and Jeans mass of a non-
gravitational BEC with attractive self-interaction in the
ultrarelativistic limit. We note that λi coincides with the
Compton wavelength of the particle. To the best of our
knowledge, the mass scale Mi has not been introduced
before. We also introduce the density scale
ρi =
m3c2
12pi|as|~2 , (D18)
which is of the order of Mi/λ
3
i . We note that the rela-
tivistic parameter defined in Appendix A 2 can be written
as
ν =
ρ
3ρi
. (D19)
Remark: these scales are embedded in the KG equation
(16). Comparing the first and second terms, we obtain
the length scale λi = ~/mc. Comparing the second and
third terms, and using Eq. (19), we obtain the density
scale ρi = m
3c2/12pi|as|~2. From these two characteristic
scales, we obtain the mass scale Mi ∼ ρiλ3i = ~/|as|c.
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6. The effective Schwarzschild radius of a boson
Following Ref. [151], we introduce the effective
Schwarzschild radius of a boson
rS =
2Gm
c2
(D20)
and the self-interaction parameter
σ =
3|as|c2
4Gm
=
3|as|
2rS
. (D21)
We also introduce a density scale
ρh =
|as|mc6
G2~2
. (D22)
7. The scales associated with relativistic
self-gravitating fermions
We introduce the length and mass scales associated
with relativistic self-gravitating fermions:
λF =
(
~3
Gc
)1/2
1
m2
, MF =
(
~c
G
)3/2
1
m2
=
M3P
m2
.
(D23)
These scales appear in the work of Chandrasekhar [215]
on white dwarf stars and in the work of Oppenheimer and
Volkoff [216] on neutron stars. MF is of the order of the
maximum mass of a relativistic self-gravitating fermion
star and λF is of the order of the corresponding (mini-
mum) radius. They are connected to each other by the
relativistic scaling MF = c
2λF /G. We also introduce the
density scale
ρF =
m4c3
~3
, (D24)
which is of the order of MF /λ
3
F . We define the relativistic
parameter for fermions by
µ =
(
ρ~3
m4c3
)2/3
=
(
ρ
ρF
)2/3
. (D25)
The mass-radius relation M(R) (parametrized by the
central energy density 0) of self-gravitating fermions in
the context of general relativity is represented in Fig.
7 of [196]. In the nonrelativistic limit, the mass-radius
relation is given by Eq. (173). The system becomes rel-
ativistic when its radius R approaches the Schwarzschild
radius RS . This determines the maximum mass of a
fermion star above which there is no equilibrium state.
The spiral is made of unstable equilibrium states. Com-
bining Eqs. (173) and (D5) we obtain the scalings of Eqs.
(D23) and (D24). By numerically solving the equations
of hydrostatic equilibrium in general relativity, one gets
the exact values Mmax = 0.384MF , Rmin = 3.36λF and
(0)max = 2.33× 10−2ρF c2 [196, 216].
Appendix E: The general relativistic Jeans
instability of a fluid
In this Appendix, we consider the Jeans instability of
a self-gravitating fluid with an equation of state P () in
the framework of general relativity. We assume that this
equation of state is valid for both homogeneous and inho-
mogeneous distributions. The exact Jeans wavenumber
obtained from the Einstein equations slightly perturbed
from a spatially homogeneous distribution is [14]:
k2J =
4piG
c2sc
2
(
1− 6c
2
s
c2
+ 8w − 3w2
)
, (E1)
where c2s = P
′()c2 is the speed of sound in the homoge-
neous fluid and w = P/ is the equation of state param-
eter.
For a nonrelativistic fluid (cs  c2, w  1 and  =
ρc2), Eq. (E1) reduces to the standard Jeans formula of
Eq. (2). For the equation of state of radiation P = /3,
we get
k2J =
16piG
c4
. (E2)
For the equation of state of stiff matter P = , we obtain
k2J = 0. (E3)
Since λJ → +∞, there is no Jeans instability in a stiff
fluid.
Appendix F: Transition scales in cosmology
The Jeans mass-radius relations MJ(λJ)
(parametrized by the density of the universe ρ) in
cosmology are similar to the mass-radius relations M(R)
(parametrized by the central density ρ0) of boson stars
and DM halos (see Appendix D). This similarity (noted
in Sec. V of [67]) is not obvious since the first relations
MJ(λJ) are valid in the linear regime of structure
formation (Jeans problem) while the second relations
M(R) are valid in the nonlinear regime of structure
formation (DM halos = equilibrium states). In the main
text, we have given asymptotic expressions of MJ(λJ)
in different limits of physical interest. In this Appendix,
we regroup these results in order to offer a clear relation
between these different limits.
1. Transition scales in the noninteracting limit
We consider a SF in the noninteracting limit. The
following results can be deduced from Eq. (71) using the
scales of Appendix D 2.
The ultrarelativistic era (Sec. VII B) corresponds to:
(i) χ 1.
(ii) ρ ρC (high densities/early Universe).
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(iii) λJ ∼ λH  λC and MJ ∼MH MC .
The nonrelativistic era (Sec. VIII C) corresponds to:
(i) χ 1.
(ii) ρ ρC (low densities/late Universe).
(iii) λC  λJ  λH and MJ MC MH .
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FIG. 21: Jeans mass-radius relation MJ(λJ) parametrized by
the density of the Universe ρ in the noninteracting limit. The
arrows indicate the cosmic evolution of the Universe from the
ultrarelativistic (UR) regime at high densities [see Eq. (97)]
to the nonrelativistic (NR) regime at low densities [see Eq.
(132)]. This curve can be compared with the mass-radius
relation M(R) (parametrized by the central energy density
0) of noninteracting self-gravitating BECs in the context of
general relativity (see Fig. 3 of [214]). The bullets correspond
to ULAs and QCD axions at the epoch of radiation-matter
equality considered in Secs. VIII C 2 and VIII C 3.
The Jeans mass-radius relation MJ(λJ) presents a
maximum MC at λC , corresponding to a density ρC (see
Fig. 21). The transition density ρC where λJ ∼ λC
and MJ ∼MC separates the ultrarelativistic regime from
the nonrelativistic regime. It corresponds to the density
called ρv(0) in [151] separating the stiff matter era (slow
oscillation regime ω = mc2/~ H) from the matterlike
era (fast oscillation regime ω = mc2/~  H). This is
also the density below which the Jeans length is smaller
than the Hubble length (horizon), allowing the formation
of the large-scale structures of the universe.
2. Transition scales in the TF limit
We consider a SF with a repulsive self-interaction (as >
0) in the TF limit. The following results can be deduced
from Eq. (77) using the scales of Appendix D 3.
The ultrarelativistic era (Sec. VII C) corresponds to:
(i) ν  1.
(ii) ρ ρR (high densities/early Universe).
(iii) λJ ∼ λH  λR and MJ ∼MH MR.
The nonrelativistic era (Sec. VIII D) corresponds to:
(i) ν  1.
(ii) ρ ρR (low densities/late Universe).
(iii) λJ ∼ λR  λH and MJ MR MH .
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FIG. 22: Jeans mass-radius relation MJ(λJ) parametrized by
the density of the Universe ρ in the TF limit. The arrows
indicate the cosmic evolution of the Universe from the ul-
trarelativistic (UR) regime at high densities [see Eq. (110)]
to the nonrelativistic (NR) regime at low densities [see Eq.
(142)]. This curve can be compared with the mass-radius
relation M(R) (parametrized by the central energy density
0) of self-gravitating BECs with a repulsive self-interaction
in the context of general relativity (see Fig. 9 of [64]). The
bullet corresponds to self-interacting bosons at the epoch of
radiation-matter equality considered in Sec. VIII D 2.
The Jeans mass-radius relation MJ(λJ) presents a
maximum MR at λR, corresponding to a density ρR (see
Fig. 22). The Jeans length is always smaller than λR.
The transition density ρR where λJ ∼ λR and MJ ∼MR
separates the ultrarelativistic regime from the nonrela-
tivistic regime. The transition density ρR corresponds
to the density called ρt in [151] separating the radiation-
like era from the matterlike era. This is also the density
below which the Jeans length is smaller than the Hubble
length (horizon), allowing the formation of the large-scale
structures of the universe.
3. Transition scales in the nongravitational limit
We consider a SF with an attractive self-interaction
(as < 0) in the nongravitational limit. The following
results can be deduced from Eqs. (29) and (82) using
the scales of Appendix D 5.
The ultrarelativistic era (Sec. VII D) corresponds to:
(i) ν ∼ 1.
(ii) ρ ∼ ρi (high densities/early Universe).
(iii) λJ ∼ λi  λH and MJ ∼Mi MH .
The nonrelativistic era (Sec. VIII E) corresponds to:
(i) ν  1.
(ii) ρ ρi (low densities/late Universe).
(iii) λi  λJ  λH and Mi MJ MH .
The Jeans mass-radius relation MJ(λJ) increases
monotonically starting from a minimum value Mi at λi,
39
100 104 108
λJ/λi
100
104
108
M
J/M
i
Mi λi UR
NR
Nongravitational limit
>
Early Universe
Late Universe
ρi
(a
s
 < 0) (ρ << ρi)
ULA
QCD, ULA
FIG. 23: Jeans mass-radius relation MJ(λJ) parametrized
by the density of the Universe ρ in the nongravitational limit.
The arrows indicate the cosmic evolution of the Universe from
the ultrarelativistic (UR) regime at high densities [see Eq.
(115)] to the nonrelativistic (NR) regime at low densities [see
Eq. (153)]. The first bullet corresponds to QCD-like axions
and ULAs in the very early universe considered in Sec. VII D
while the second bullet corresponds to ULAs at the epoch of
radiation-matter equality considered in Sec. VIII E 2.
with a density ρi (see Fig. 23). The density ρi cor-
responds to the density introduced in [151] at which a
complex SF with an attractive self-interaction emerges
in the ultrarelativistic era.
4. Transition scales in the nonrelativistic limit
We consider a SF in the nonrelativistic limit. The fol-
lowing results can be deduced from Eq. (34) using the
scales of Appendix D 4.
a. as > 0
When as > 0, the TF era (Sec. VIII D) corresponds
to:
(i) α 1.
(ii) ρ ρa (high densities/early Universe).
(iii) λJ ∼ λa  λH and Ma MJ MH .
The noninteracting era (Sec. VIII C) corresponds to:
(i) α 1.
(ii) ρ ρa (low densities/late Universe).
(iii) λa  λJ  λH and MJ  Ma,MH (MH  Ma
if ρ ρh and MH Ma if ρ ρh).
The Jeans mass-radius relation MJ(λJ) decreases
monotonically (see Fig. 24). The Jeans length is al-
ways larger than λa. The transition density ρa where
λJ ∼ λa and MJ ∼ Ma separates the TF regime from
the noninteracting regime.
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FIG. 24: Jeans mass-radius relation MJ(λJ) parametrized
by the density of the Universe ρ in the nonrelativistic limit
(as > 0). The arrows indicate the cosmic evolution of the
Universe from the TF regime at high densities [see Eq. (143)]
to the noninteracting (NI) regime at low densities [see Eq.
(133)]. This curve can be compared with the mass-radius rela-
tion M(R) (parametrized by the central density ρ0) of nonrel-
ativistic self-gravitating BECs with a repulsive self-interaction
(see Fig. 4 of [68]). The bullets correspond to QCD ax-
ions and self-interacting bosons (model II) at the epoch of
radiation-matter equality considered in Secs. VIII C 3 and
VIII D 2. The self-interacting bosons (model I) are outside
the frame since MJ/Ma = 2.49× 1042.
b. as < 0
When as < 0, the nongravitational era (Sec. VIII E)
corresponds to:
(i) α 1.
(ii) ρ ρa (high densities/early Universe).
(iii) λJ  λa, λH (λH  λa if ρ  ρi and λH  λa
if ρ  ρi) and MJ  Ma (MH  Ma if ρ  ρh and
MH Ma if ρ ρh).
The noninteracting era (Sec. VIII C) corresponds to:
(i) α 1.
(ii) ρ ρa (low densities/late Universe).
(iii) λa  λJ  λH and MJ  Ma,MH (MH  Ma
if ρ ρh and MH Ma if ρ ρh).
The Jeans mass-radius relation MJ(λJ) presents a
maximum Ma at λa, corresponding to a density ρa (see
Fig. 25). The transition density ρa where λJ ∼ λa and
MJ ∼ Ma separates the nongravitational regime from
the noninteracting regime.
5. Transition scales in the ultrarelativistic limit
We consider a SF in the ultrarelativistic limit.
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FIG. 25: Jeans mass-radius relation MJ(λJ) parametrized by
the density of the Universe ρ in the nonrelativistic limit (as <
0). The arrows indicate the cosmic evolution of the Universe
from the nongravitational (NG) regime at high densities [see
Eq. (154)] to the noninteracting (NI) regime at low densities
[see Eq. (133)]. This curve can be compared with the mass-
radius relation M(R) (parametrized by the central density
ρ0) of nonrelativistic self-gravitating BECs with an attractive
self-interaction (see Fig. 6 of [68]). The bullets correspond
to QCD axions and ULAs at the epoch of radiation-matter
equality considered in Secs. VIII C 3 and VIII E 2.
a. as > 0
When as > 0 the following results can be deduced from
Eqs. (90) and (103) using the scales of Appendix D 3.
The TF era (Sec. VII C) corresponds to:
(i) ν  1.
(ii) ρ ρR (high densities/early Universe).
(iii) λJ ∼ λH  λR and MJ ∼MH MR.
The noninteracting era (Sec. VII B) corresponds to:
(i) ν  1.
(ii) ρ ρR (low densities/late Universe).
(iii) λJ ∼ λH  λR and MJ ∼MH MR.
The Jeans mass-radius relation MJ(λJ) increases
monotonically. The transition density ρR where λJ ∼ λR
and MJ ∼MR separates the TF regime from the nonin-
teracting regime.
b. as < 0
When as < 0, the density in the ultrarelativistic limit
has the fixed value ρi given by Eq. (28). The following
results can be deduced from Eqs. (99) and (112) using
the scales of Appendixes D 2 and D 6.
The noninteracting limit (Sec. VII B) corresponds to:
(i) σ  1.
(ii) |as|  rS
(iii) λJ ∼ λH  λC and MJ ∼MH MC .
The nongravitational limit (Sec. VII D) corresponds
to:
(i) σ  1.
(ii) |as|  rS
(iii) λJ ∼ λC  λH and MJ MC MH .
The Jeans mass-radius relation MJ(λJ) presents a
maximum MC at λC corresponding to |as| ∼ rS . This
transition value separates the noninteracting regime from
the nongravitational regime.
6. Transition scales for fermionic dark matter
We consider a gas of fermions. The following results
can be deduced from Eqs. (156) and (173), or by compar-
ing Eqs. (160) and (174), using the scales of Appendix
D 7.
a. General relativistic treatment
The ultrarelativistic era (Sec. IX A) corresponds to:
(i) µ 1.
(ii) ρ ρF (high densities/early Universe).
(iii) λJ ∼ λH  λF and MJ ∼MH MF .
The nonrelativistic era (Sec. IX B) corresponds to:
(i) µ 1.
(ii) ρ ρF (low densities/late Universe).
(iii) λF  λJ  λH and MJ MF MH .
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FIG. 26: Jeans mass-radius relation MJ(λJ) parametrized
by the density of the Universe ρ for fermionic DM treated
in the framework of general relativity. The arrows indicate
the cosmic evolution of the Universe from the ultrarelativistic
(UR) regime at high densities [see Eqs. (165) and (166)] to the
nonrelativistic (NR) regime at low densities [see Eqs. (181)
and (182)]. This curve can be compared with the mass-radius
relation M(R) (parametrized by the central energy density 0)
of self-gravitating fermions in the context of general relativity
(see Fig. 7 of [196]). The bullet corresponds to fermions
(sterile neutrinos) at the epoch of radiation-matter equality
considered in Sec. IX B.
The Jeans mass-radius relation MJ(λJ) presents a
maximum MF at λF corresponding to a density ρF (see
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Fig. 26). The transition density ρF where λJ ∼ λF and
MJ ∼MF separates the ultrarelativistic regime from the
nonrelativistic regime. This is also the density below
which the Jeans length is smaller than the Hubble length
(horizon), allowing the formation of the large-scale struc-
tures of the universe.
b. Newtonian treatment
The ultrarelativistic era (Sec. IX A) corresponds to:
(i) µ 1.
(ii) ρ ρF (high densities/early Universe).
(iii) λJ  λF and MJ ∼MF .
The nonrelativistic era (Sec. IX B) corresponds to:
(i) µ 1.
(ii) ρ ρF (low densities/late Universe).
(iii) λF  λJ  λH and MJ MF MH .
The Jeans mass-radius relation MJ(λJ) decreases
monotonically (see Fig. 27) starting from the maximum
value MF at λJ → 0 corresponding to a density ρ→ +∞
(ultrarelativistic regime).
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FIG. 27: Jeans mass-radius relation MJ(λJ) parametrized by
the density of the Universe ρ for fermionic DM treated in the
framework of Newtonian gravity. The arrows indicate the cos-
mic evolution of the Universe from the ultrarelativistic (UR)
regime at high densities [see Eq. (172)] to the nonrelativistic
(NR) regime at low densities [see Eqs. (181) and (182)]. This
curve can be compared with the mass-radius relation M(R)
(parametrized by the central density ρ0) of self-gravitating
fermions in the context of Newtonian gravity (see Fig. 2 of
[217]). The bullet corresponds to fermions (sterile neutrinos)
at the epoch of radiation-matter equality considered in Sec.
IX B.
Appendix G: About the (non)importance of the
self-interaction
In this Appendix, we obtain precise criteria deter-
mining the importance, or nonimportance, of the self-
interaction of the bosons in the linear and nonlinear
regimes of structure formation.
1. The linear regime of structure formation
(Jeans problem)
We consider the nonrelativistic regime corresponding
to the matter era (see Sec. VIII).35 As shown in Ap-
pendixes A 1 and F 4, in the linear regime of structure
formation (Jeans problem), the noninteracting limit is
valid when α = (ρ/ρa)
1/2  1. Inversely, when α  1
we are in the TF limit (for as > 0) or in the nongravita-
tional limit (for as < 0). Using Eq. (A4) the validity of
the noninteracting limit can be written as
|as|
m2

(
G
ρ~2
)1/2
. (G1)
This criterion may also be expressed in terms of the di-
mensionless self-interaction constant λ = 8piasmc/~ or in
terms of the axion decay constant f = (~c3m/32pi|as|)1/2
(see, e.g., [77]).
For an illustration, let us consider an ULA of mass
m = 2.92 × 10−22 eV/c2 (see Appendix D of [151]) and
let us apply the criterion (G1) at the epoch of radiation-
matter equality (ρeq = 8.77 × 10−14 g/m3) which marks
the beginning of structure formation. We then find that,
concerning the linear Jeans problem, the self-interaction
of the bosons can be neglected provided that |as| 
10−63 fm or, equivalently, |λ|  10−91 or f  1015 GeV.
As we have seen in Secs. VII C and VII D, these condi-
tions are not always satisfied for ULAs. This implies that
the self-interaction of ULAs usually has to be taken into
account even if it looks very small at first sight.
2. The nonlinear regime of structure formation
(DM halos = equilibrium states)
Let us briefly recall the argument, given in Appendix
L of [77], concerning the validity, or invalidity, of the
noninteracting limit in the nonlinear regime of structure
formation, when we treat DM halos as equilibrium states
of the GPP equations (we restrict ourselves to the non-
relativistic regime which is fully relevant for DM halos).
35 In the ultrarelativistic regime (see Sec. VII), a repulsive self-
interaction (as > 0) is negligible for the Jeans problem at an
epoch where the density is ρ if ν = 2ρ/3ρR  1 (see Appendixes
A 2, D 3 and F 5) i.e. as/m3  c2/ρ~2. In the opposite case,
we are in the TF limit. For an attractive self-interaction (as <
0), the ultrarelativistic regime corresponds to a density ρi =
m3c2/12pi|as|~2 (see Sec. II) and the self-interaction is negligible
for the Jeans problem if σ = 3|as|/2rS  1 (see Appendixes D 6
and F 5) i.e. |as|  rS = 2Gm/c2. In the opposite case, we are
in the nongravitational limit.
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Let us consider the most compact halo that we know
and let us assume that it corresponds to the ground
state (T = 0) of a self-gravitating BEC (see Appendix
D of [151]). To be specific, we identify this halo with
Fornax which has a mass Mground ∼ 108M and a ra-
dius Rground ∼ 1 kpc. Our argument also applies to
the solitonic core of large DM halos which may also
correspond to the ground state of the GPP equations.
As shown in [68], in the nonlinear regime of struc-
ture formation, the noninteracting limit is valid when
Mground  ~/
√
Gm|as|. For bosons with a repulsive
self-interaction (as > 0), when Mground  ~/
√
Gmas we
are in the TF limit. For bosons with an attractive self-
interaction (as < 0), there is no equilibrium state when
M > Mmax = 1.012 ~/
√
Gm|as|. The validity of the
noninteracting limit can be written as
m|as|  ~
2
GM2ground
. (G2)
This criterion can be expressed in terms of the dimen-
sionless self-interaction constant alone as
|λ| 
(
MP
Mground
)2
∼ 10−92. (G3)
Therefore, in order to be able to neglect the self-
interaction of the bosons, |λ| has to be small with respect
to 10−92 (!). This striking condition was stressed in Ap-
pendix A.3 of [68]. This condition is not satisfied for
QCD axions, nor for ULAs in general. This implies that
the self-interaction of QCD axions and, usually, ULAs
has to be taken into account in the nonlinear regime even
if it looks very small at first sight [77].
Interestingly, the condition of Eq. (G3) is the same
condition as the one obtained in the linear regime (see the
numerical application in Appendix G 1). We note that,
contrary to the condition obtained in Appendix G 1, the
criterion of Eq. (G3) is independent of the mass of the
boson. If we assume m = 2.92×10−22 eV/c2 then we get
the same conditions |as|  10−63 fm or f  1015 GeV
as those obtained in Appendix G 1. Alternatively, if we
argue that the criteria (G1) and (G2) are both marginally
satisfied (which needs not be the case in reality) we find
that
m ∼ ~ρ
1/6
eq
G1/2M
2/3
ground
∼ 10−22 eV/c2, (G4)
|as| ∼ ~
G1/2M
4/3
groundρ
1/6
eq
∼ 10−63 fm, (G5)
which provide curious relations between the ULA mass
and their scattering length, the density of the Universe
at the epoch of radiation-matter equality, and the mass
of ultracompact halos.
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